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We report the generation of new Dirac cones in the energy spectrum of graphene under double-
periodic and quasiperiodic potentials. We also report that the density of cones is classified into
three cases in terms of the energy cutoff which the energy spectrum is approximated linear any
more. In other words, we find a new classification of the Dirac electron systems having different
ranges of the linear dispersion.
A previous study predicted that adding a periodic potential to graphene generates new Dirac cones
close to the Fermi energy [1]. The interval of the new cones is constant and is inverse proportional
to the period of the potential L. The series of the cones are indexed as consecutively integers
n = ±1,±2, . . . ,±N ≡ ±⌊∆EL/π⌋ restricted by the energy cutoff ∆E. We, however, find that
the generation is controlled by an unreported rule for double-periodic and quasi-periodic potentials.
We first study double-periodic potential cases because a quasiperiodic function can be represented
by double-periodic function with large enough periods in terms of the continued fraction expansion.
A double-periodic function is the sum of two sine functions with coprime periods, L1 and L2. Then
the function is periodic with the period L = L1×L2. When we add the double-periodic potential to
graphene, we numerically confirm the generation of the Dirac cones but the positions are different
from the original prediction [1]. We find that the index of the new cones nc for the double-periodic
case is obtained by the Diophantine equation

nc = L2n1 + L1n2, (1)

where n1 and n2 are the indices of the new cones for single sine function with L1 and L2, respectively.
If we arbitrarily could chose the integers n1 and n2, the index nc would be any integer. In practice,
however, the sequence of the index nc is not consecutive because the indices n1 and n2 are restricted
in the ranges determined by the energy cutoff |ni| ≤ Ni ≡ ⌊∆ELi/π⌋ (i = 1, 2).
Let us make the energy cutoff ∆E a controllable parameter to study the generation of the new
cones in other Dirac electron systems. We here define the normalized density of the new Dirac
cones which is unity for a single sine function case. We find the region where the normalized
density of the Dirac cones is unity, the region where the density is either unity or less than unity
depending on the energy, and the region all less than unity for ∆E ≥ π, π/2 ≤ ∆E < π, and
∆E < π/2, respectively.
Finally we study the case of a quasiperiodic case as a limiting case of a double-periodic potential.
The interval of the new cones converges to zero because the continued fraction expansion tells us
that the period of the quasiperiodic function becomes infinity. Therefore the Dirac cones appear
densely in the quasiperiodic case but the density behaves differently in the above three cases.
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