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Figure 1: Open boundary condition

Recently, a very intriguing observation was made regarding
the boundary conditions of quantum systems [1]. Consider
a system consists of N sites, each of which couples to two
nearest sites with an equal strength, except at the ends (Fig.
1). This system with the open boundary condition is, ob-
viously, not uniform in the sense that the system has two
singular sites, that are the two endpoints. One may try to
lessen the effects from these singularities by modulating the
strength of the couplings gradually near the endpoints, in con-
trast to the open boundary case where the couplings are shut
abruptly at the ends. Promoting this line of idea further, the
authors of [1] reached the modulation of the coupling such that

the coupling between lth and (l + 1)th site = sin2
(

lπ
N

)
as depicted in the fig. 2 . They, then,

found that the vacuum of the system is identical with that of closed boundary condition (Fig.
3) for certain quantum systems. This modulation is named Sine Square Deformation (of the
coupling) after the function appears in the defining equation of the coupling.
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Figure 2: Sine Square Deformation
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Figure 3: SSD vacuum is
identical with closed one.

Sine Square Deformation (SSD) has sig-
nificant implication for string theory as
two-dimensional conformal field theories
also turned out to exhibit the feature
just explained [2]. Since string theory
can be described by 2d CFT, it sug-
gests that open string theory can be
turned into closed string by modulat-
ing the coupling of world sheet, which
is world sheet metric. This recognition
shall shed new light on our understand-
ing of open-closed duality of string the-
ory.
Here we discuss SSD in the context of string theory. We argue that the procedure of SSD cor-
responds to certain limit of world sheet sl(2, C) transformation. Also it is shown that the world
sheet metric diverges as one modulates the metric in accordance with SSD.
This presentation is based on the collaboration with N. Ishibashi[3], work supported in part by
JSPS KAKENHI Grant No. 25610066.
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