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We study the reflection and refraction of hydro magnetic waves, under 
the physical condition in the exosphere, at a plane boundary between two 
semi-infinite homogeneous media under a uniform (main) magnetic field, 
and apply the results to the propagation of hydromagnetic waves in the 
exosphere. The transverse (Alfven) wave propagates in a complicated 
way, depending on the direction of the main field with an anisotropic 
velocity, but the isotropic (modified Alfven) wave propagates in a simple 
way, independent of the direction of the main field, with an isotropic 
velocity. In the equatorial region, waves of both type propagate along 
the main field and can not propagate directly to the lower atmosphere. 

§ 1. Introduction 

The previous work on the reflection and 
refraction of hydromagnetic waves (Namika
wa, 1961)1l is extended and applied to the pro· 
pagation of hydromagnetic waves in the exo-

1 

sphere. The impact of solar wind on the 
earth's dipole field may produce disturbances 
on the surface of magnetic cavity. The dis
turbances may propagate as hydromagnetic 
waves through the earth's atmosphere tlfioer 
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geomagnetic dipole field. Therefore it is in
teresting to investigate the propagation of hy
dromagnetic waves in a partially ionized gas 
under a dipole field . But as it is mathema
tically difficult, we study here, as a first step, 
on the reflection and refraction of weak hy
dromagnetic waves at a plane boundary be
tween two semi-infinite homogeneous media 
under a uniform magnetic field and discuss 
the propagation of hydromagnetic waves in 
the exosphere. 

§ 2. Transmission Equations 

Above several hundreds Km, (this height 
depends on the period of waves), the Joule 
dissipation and the Hall effect terms in the 
equation of motion may be neglected. As the 
gas pressure in the exosphere is small com
pared with the magnetic pressure, the gas 
pressure gradient term in the equation of 
motion is also neg lected. Therefore the lin
earized hydromagnetic equations in the exo
sphere are as follows (Piddington, 1959)2

> 

ah 
Tt = fl X( v x Ho ), (1 ) 

( 2 ) 

( 3) 

where h, v, H o, Po and p are the perturbed 

magnetic field, velocity, a dipole field, (we 
take it here as a uniform field for the sim
plicity of computation), density and pertur
bed density. Plane solutions of equations 
(1)-(3) are sought of the form exp i(wt-k·r), 
where k is the wave normal. From the 
equations (1)- (2), we have 

(1)2 
( 4 ) -=V2S2 

k2 ' 
where 

S = cos ¢ or 1' ( 5) 
and 

v - _!b_ 
- V 4rrp0 

is the Alfven wave velocity. 
There are two types of solutions of the 

equations (1)- (2), having quite differ~nt pro
perties. One type of hydromagnetic wave has 
the perturbation magnetic field and the gas 
velocity vector in the plane containing the 
uniform field H o and wave normal k. This 
wave is called isotropic wave (or called ex
traordinary wave by Piddington) and propa
gates with the Alfven wave velocity 

·v = H o 
V 4rrpo · 

The energy flow is along the wave normal. 
The second type of wave is purely transverse 
(called ordinary wave by Piddington) and pro
pagates with velocity V cos ¢ where ¢ is the 

Fig. 1. lllustriiting the reflection and refraction of Alfven waves at the plane surface S. 
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angle between the uniform field Ho and wave 
normal k. Energy flow is directed along the 
uniform field Ho. 

§ 3. Reflection and Refraction of Plane 
Waves 

Let axes O., 0 11 and 0 . be chosen in the 
way shown in Fig. 1. Let H0 make an angle 
of {3 with 0 . and its projection on 0 . 11 make 
an angle of r with 0 11 • Denote the angle of 
incidence, reflection and refraction by fh 0,, 
and Ot, respectively. Without loss of gener
ality, {3 and r may be taken to lie in the 
range 0 to rr/2. 

We denote Alfven wave velocity Vr and Vn 
in the region I and II in Fig. 1. We have 
the laws of reflection and refraction and the 
amplitude relation between the reflected or 
refracted wave and the incident wave as a 
consequence of the boundary conditions (con
tinuity of the perturbed magnetic field, tan
gential electric field and the normal com
ponent of the velocity at the boundary sur
face) which must be satisfied at any time and 
at any point of the boundary surface. The 
Ia ws of reflection and refraction are found in 
the previous paper (Namikawa, 1961)11 and 
reproduced here. 

a) Incident transverse wave and reflected or refracted transverse wave. 

tan O,=tan 0;(1 + 2 tan {3 cos r tan 0;)-1
, 

tan Ot= tan 8; {~ +(~ - 1 )cos r tan {3 tan 0;} -
1

, 

where 

R = ~ 
Vr · 

b) Incident isotropic wave and reflected or refracted isotropic wave. 

Or = 0; 

sin 8t = R sin 8; 

c) Incident transverse wave and reflected or refracted isotropic wave. 

sin 8, = tan 8;(sin {3 cos r tan 8; + cos {3)-1 

sin Ot = R tan 8;(sin {3 cos r tan 8; + cos {3)-1 

d) Incident isotropic wave and reflected or refracted transverse wave. 

tan 8r= COS {3 sin 8;(1 +sin {3 cos r sin 8;)-1 

tan 8t = R cos {3 sin 0;(1- R sin {3 cos r sin 8;)-1 

The perturbed magnetic field, velocity and electric field are given as follows: 

h _ S2-(cos2 ¢+sin2 {3 sin2 r )h . 
11

- sin {3 sin r(sin {3 cos r-cos {3 tan 8) 

- sin {3 sin r(cos ¢sin 8-sin {3 cos r )h . 
S 2- {(cos ¢ cos f3/cosO)-sin{3sinr(cos f3 tan 8-sin {3 cos r )} ' 

_Vcos ¢ h _ Vcos{3 h V . f.l • • 8h } 
v.= + H.S "' vv= + S 11+ us s1n p s1n r sm • , 

o H o COS 8 n o 

V ( . . sin {3 cos r ) 
v.= ± H. S sm {3 sm r cos Oh. + h 11 , 

0 cos 0 

E.=+~ {sin{3sinr(sin {3 cosrcos0-cos {3 sin8)h. + cos
2

{3+c~~/cos
2

r h 11} '} 

V { . . sin2 {3 sin r cos r } 
E 11 = +s (cos {3 cos ¢ +sm2 {3 sm2 r cos O)h. + cos 

8 
h 11 , 

( 6) 

( 7 ) 

( 8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 
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where S=cos cp for the transverse wave, and 
5=1 for the isotropic wave. The reflected 
waves take the upper sign, while the incident 
or the refracted waves take the lower sign. 

When the main field H 0 , wave normal and 
the normal at the boundary are not in the 
same plane, the law of reflection and the re· 
fraction and the expressions of amplitude of 
reflected or refracted waves are complicated. 
An incident wave of one type is reflected and 
refracted in the sum of waves of two mode. 
This case will be discussed in another paper. 

When the uniform magnetic field is per· 
pendicular to the boundary plane, an incident 
wave is reflected or refracted in the same 
mode. The transverse wave has the com· 
ponents h., v., and Ey. The boundary condi· 
tions give the following equations: 

1- R 
h,r= 

1
+ R h,, , (17) 

and 

2 
h., = 

1
+R h., , (18) 

where i, r and t denote incident, reflected and 
refracted wave respectively. From these 
equations, we get 

I h., 1> 1, when 3 ~ R, (19) 
h,r 

and 

I h. , 1< 1, when R >3. (20) 
h.r 

The isotropic wave has the components hu, 
Vy and E.. We have from the boundary con· 
ditions, 

and 

(cos 8t!cos 8;,) - R h . 
(cos 8t!cos 8;, )+R v• ' 

2(cos 8t!cos 8;,) h . 
(cos 8tfcos {) ,)+R v• • 

(21) 

(22) 

From these equations, we get the same rela· 
tions (19) and (20). 

When the uniform magnetic field vector 
lies in the plane of incidence, an incident 
wave is reflected or refracted in the same 
mode as in the previous case. The equations 
(17)-(22) hold also in this case. Therefore 
the amplitudes of reflected or refracted trans· 
verse wave are independent on the directions 
of the uniform field and of the incident wave, 
but they depend only on the ratio R of the 

Alfven wave velocities of both region. 
When the uniform magnetic field vector is 

parallel to the boundary surface, an incident 
wave of both type propagates along the 
boundary surface when R > 1. 

§ 4. Propagation of Hydromagnetic Wave in 
the Exosphere 

We discuss the reflection and refraction of 
hydromagnetic waves in the upper atmos· 
pheric region (Piddington 1959)2> , where the 
disturbances travel as hydromagnetic waves 
in the ion plasma alone. Losses are small in 
this region. In the lower atmospheric region, 
the medium behaves for waves of all periods 
between 1 sec and 104 sec as a rigid conductor 
and as a dispersive medium. As this model 
studied here is simple, these results obtained 
above can not be applied directly to the pro· 
pagation of hydromagnetic waves through the 
exosphere. But we may say following sever· 
al remarks from the results obtained above. 
In the exosphere, the variation of V (Alfven 
wave velocity) with altitudes (Dessler and 
others 1960)3> is appreciable within the wave 
length of hydromagnetic waves with the 
period of several tens of second. Therefore, 
application of the results to the propagation 
of hydromagnetic waves in the exosphere is 
possible only for the waves which have 
smaller period than that of several tens of 
second. The result is mainly applicable to 
propagation of hydromagnetic waves in a 
meridian plane. In the polar region, the main 
field will be nearly perpendicular to the 
boundary surface. The laws of reflection 
and refraction of transverse wave are simple 
(Namikawa, 1961)1) . But in the middle lati· 
tudes, where the main field makes an angle 
with the boundary surface, the transverse 
wave propagates in a complicated way. The 
isotropic wave propagates in a simple way 
in both region. But an incident isotropic 
wave which has a larger incident angle than 
that, determined by the equations lsin {};, I =1/R 
can not be refracted. In the exosphere the 
magnitude of Alfven wave velocity has a 
maximum at the altitude of about 2000 km. 
Therefore above 2000 km, waves of both type 
may be reflected intensely (cf.Eqs. (19)and (20)) . 
In the equatorial region, the main field is 
nearly parallel to the boundary surface. An 
incident wave of both type propagates along 
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the boundary and go into higher latitudes. 
Therefore the waves can not propagate 
directly to the lower atmosphere. In the 
polar region, both type of waves can propa
gate directly to the lower region, so that we 
may observe large geomagnetic disturbances 
in the polar region. Isotropic wave propa
gates in a simple way, independent on the 
direction of the main field, with an isotropic 
velocity, so that this waves may be respon
sible for the disturbance of world wide char
acter, while the transverse wave propagates 

in a complicated way, dependent on the di
rection of the main field, with an anisotropic 
velocity, so that this wave may be mainly 
responsible for the geomagnetic disturbances 
of local character. 
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Discussion 

Cole K.D.: The names extraordinary and ordinary have been applied by Astrom to 
hydromagnetic waves in one way and by other authors in the opposite way. An 
analysis I have made of the transition from hydromagnetic to electromagnetic waves 
in a fully ionised gas show that Astrom's labelling is consistent with the well es
tablished labelling for radio waves. For consistency authors should use Astrom's 
system of labelling. 

Namikawa, T.: I agree with you. 


