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Electrical Resistivity of Ferromagnetic Metals

Jun Konpo

Institute for Solid State Physics, University of Tokyo
Shinryudocho, Minatokwu, Tokyo, Japan

The anomalous Hall effect and the magnetoresistance of ferromagnetic metals have

been investigated on the basis of the localized d-electron (or jf-electron) model.

The

interaction between conduction electrons and the orbital angular momenta of localized

electrons is taken into account.
for by this interaction.

The electrical resistivity of ferromagnetic
metals shows an anomalous temperature
dependence below the Curie temperature.
This fact has been explained- by Mott? on
the basis of the band model and by Kasuya?
on the basis of the localized d-electron
model. Ferromagnetic metals also show the
anomalous Hall effect and the magneto-
resistance, which have been given theoretical
explanations by Karplus and Luttinger® and
by Smit*, respectively, on the basis of the
band model. On the other hand, the usual
s-d interaction is isotropic and does not give
rise to these effects. However, the orbital
angular momenta of localized electrons
remain more or less in ferromagnetic metals

It is found that the above phenomena can be accounted

and we must take account of the interaction
between them and conduction electrons. We
shall show in this paper that the above-
mentioned phenomena can be accounted for
by this interaction on the basis of the loca-
lized d-electron model.
We shall start with the Hamiltonian

H=23 11 N-tei ¥~k En

X me'{(b:‘m+bnm’+ +b:m—bnm’—)

X (a;:-i-ak’ﬁ- +al’:—ak'—) me’(k, kl)
_(b:m+bnm’+a;:+ak’+ +b:m+bnm’—a]’:—ak’+
+b:m—bnm’+alt+ak’—+b;fm—bnm’—a;:—ak'—)

X]mm'(k» k,)} ’ (1)

where .
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Ve (, K')=Ne— &= ""“gb:m(l)gb,‘*(Z)
X (€2/712)Pnm V)Prr(2)dvidvs
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X (@2[712)Pr (V) Pum(2)dv,dvs .

This Hamiltonian represents the interaction
between conduction electrons and localized
electrons. Here, ;. is the destruction
operator of a conduction electron and bdum=+
is that of a localized electron in the m-th
state at the n-th site. V and J are Coulomb
and exchange integrals, respectively. Usual-
ly, m was restricted to be equal to m'.

If the total orbital and spin angular
momenta of localized electrons are good
quantum numbers, we can write this ex-
pression as representing the interaction be-
tween conduction electrons and the total
orbital and spin angular momenta of local-
ized electrons. For this purpose, we have to
do two things. Firstly, the bum+*bumr+ is
represented by a function of the orbital
angular momentum of a localized electron.
Secondly, by expanding the Bloch function
in a series of

Pr(r)= V1222 1+ 1)i* ji(kr) Pi(cos Okr), (2)

we express V and J by a power series of k
and k/. In the summation in Eq. (2) we
restrict ourselves to the terms of /=0 and
1, that is, to the lowest order in which we
can obtain the relevant effects.

Then we can write Eq. (1) as follows :

H= _Z"kk,N—lei (K'—k Rnak*ak,
X 5,0 [RALw) (L") +Uin" ) (Lik)
—2 I(I+1)(xx")/3}
+{Fo+2F (ex") +(3i/2) F3l; - (&' X k)
—(Fa/2)[(Am)(Li") +(Lix")(Lix)
—20(I+1)(ex")3DH{1/2+2(si8)}) ,  (3)

where #, is the number of 3d (or 4f)
electrons at the »-th site, # and &’ are unit
vectors in the directions of k and &/, R, is
essentially the electric quadrupole moment
of the ion and F; are the constants derived
from the exchange integral. When the
orbital and spin angular momenta, I; and s;,
of an individual electron are represented
by total orbital and spin angular momenta,
this Hamiltonian can Be expressed by

H=—3, 1, N1 W~ Brg xq
X [e1(Ry— Fs[4){(Lnk)(Lnk") + (L' )(Lnk)
—2L(L+1)(x&')/3}
+(3i/4)Fo Ly - (&' X &)
+2(S,8:){Fo+2F, (k') + (3i/2)coFo L+ (&' X &)
—(¢s/2) Fy[ (L) (L") + (Lux")Y(Lnk)—2L(L+1)
X (xx")[3]}] (4)

where c¢; are some numerical constants which:
depend on the kind of the ion. This is our
basis Hamiltonian which represents the
interaction between conduction electrons and
orbital and spin angular momenta of local-
ized electrons.

There are two cases in which this Hamil-
tonian can be further simplified. In the first
place, if the orbital ground state is non-
degenerate, the average of L vanishes and
this Hamiltonian reduces to the usual s-d
Hamiltonian, H,. If we introduce the spin-
orbit coupling, AL-S, we have correction
terms through a perturbation procedure,
which are given by

& =H,+2:{(0|H— H,|i)(i| Hps|0)/(Eo— E3)
+c.c.}
+2i(0| Hzs|0) (| H—H, ")
X (¢'| Hzs|0)/(Ei— Eo)(Ev — Eo)
+20{(0| Hzs|2)(@| Hs|2")

X (¢'|H—H,|0)/(E;— Eo)(Eii — Eo)

+c.c.}. (5)
The second term represents the process in
which the orbital state of localized electrons.
is excited to the i-th state, while a conduc-
tion electron is scattered and then returns
to the ground state through the spin-orbit
interaction. We find that this term is pro-
portional to #(2/4E)(k' X k)-S and changes its
sign when k and k' are interchanged. This
fact becomes important when we discuss the
anomalous Hall effect. Other terms corre-
spond to higher-order processes. They are
proportional to 22 and depend in a complicat-
ed way on the directions of initial and final
wave vectors and localized spins.

In the second place where the basis Hamil-
tonian can be simplified, we have rare-earth
metals, in which the total angular momentum
J of 4f electrons is a good quantum number.
Then our basis Hamiltonian can be represen-
ted in terms of J. But we shall not present
the expression here.
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Now we shall calculate the electrical
resistivity, regarding (5) as a perturbation
on the motion of conduction electrons which
causes the deviation from the periodic
potential. The transition probability of a
process in which a conduction electron is
scattered from a state k to k' is expressed
to the first Born approximation by

Wik, k")=Q2x|h)|Hy.x|*0(Ex—Ey).  (6)
Calculating matrix elements from (5) and

solving the Boltzmann equation, we find that
the resistivity can be expressed by
P=Po+P1(a'}9)2 +0:2> jaiai B, ()
where @ and B are unit vectors in the direc-
tions of the electric field and the magnetiza-
tion, respectively. The first term may come
from lattice scattering, impurity scattering
and isotropic exchange scattering and re-
presents the isotropic resistivity, while the
second and third terms come from the
correction terms to the exchange scattering
and represents the anisotropic parts. Their
ratios to the first term are roughly given by
A2/4E?, which is around 10-2. This magni-
tude is just what is observed for iron group
metals and alloys.
Now we shall discuss the anomalous Hall
effect. The transition probability from k to
k' is equal to that from k' to k to the first
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Born approximation, where the probability
is given by the absolute square of matrix
elements, and does not lead to the anomalous
Hall effect. So we must see if any term
which is proportional to k'’ Xk might remain
to the second Born approximation, in which
the transition probability is expressed by

W (k', k)=2n|#)0(Ex— Ex)[Hy, 1 Hyr .
+ 2 {Hy - Hyr g Hy 1l (E— Egrr +is)
+c.c.}. (8)
Actually we find that the probability does
contain a term proportional to &k’ X k.

Solving the transport equation with (8),
we find that the current is expressed by
Jj=0E(a+rBXa), (9)
where the second term represents the
anomalous Hall current which is perpen-
dicular both to the applied field and to the
magnetization. It is convenient to discuss
the effect in terms of the Hall resistivity,
which is defined by

ex=E.i/jn,
where j; is the component of the current
density to the direction of the applied
field and E, is the component of the
electric field to the direction which is per-
pendicular both to the current and to the
magnetization. We find
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Theoretical and experimental curves for the anomalous Hall resistivity of nickel and
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pr=BA/AE)(VIN@m*)"*{(M—<M>)*)

X FyFo*hte* Ep'/?, (10)

where M denotes the z component of a
localized spin. The factor, {((M—{M))3,
represents the temperature variation of the
Hall resistivity. It is remarkable that the
lattice and impurity scatterings do not

the agreement between (10) and experimental
results® is such as shown in Fig. 1.

The author wishes to express his sincere
thanks to Professor K. Yosida, “Professor
S. Nakajima and Mr. H. Miwa for their
valuable discussions.
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DISCUSSION

J. EruioTT :
dependence predicted by Luttinger ?

J. Konpo :

Is the temperature dependence of your result the same as the p*

Incidentally it has the similar temperature dependence as that by

Luttinger as long as the content of impurity atoms is small.

J. EvvriorT :

Some years ago, a student of mine, Mr. Roycroft, began a similar

calculation, which was not completed. He noted that the spin orbit coupling in the
conduction electrons produced an exactly similar but probably smaller matrix element.
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Diagrammatic Expansion for the Heisenberg Ferromagnet with
Arbitrary Spin and Range of Interaction

HerBeErT B. CALLEN AND GERALD HorwiTz

University of Pemnsylvania, Philadelphia
Pa,. U.S-A.

A diagrammatic expansion method is presented, in which each diagram has a particularly
simple structure and in which “‘excluded volume’’ corrections are eliminated. Summation
of renormalized loop diagrams gives an approximation applicable in all temperature

ranges.

The statistical mechanics of a ferromagnet
has been treated satisfactorily only in the
limits of low temperatures (the spin wave
theory) or of high temperatures (expansion
in 7./T). We here describe an approximate
theory based on a new form of linked cluster
expansion for spin variables, and on a par-
tial summation of selected sub-series. Sepa-

* Supported by Office of Naval Research.

rate criteria for the selection of the sub-
series are applicable in different temperature
regions, so that the series to be summed are
those containing all diagrams which are
dominant at any temperature. The resultant
theory is then approximately valid through
the entire temperature range, including the
particularly interesting neighborhood of the
transition temperature.





