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Susceptibility measurements in the range zoo to 1.5°K are reported for the eight 
paramagnetic garnets with the composition RsXs012, where R=GdS+ , TbS+ , HoS+ or 
Tma+ and X=A!S+ or GaS+ , together with microwave resonance determinations of the 
principal g-values of the ions NdS+, Dya+ , Era+ and YbS+ substituted into diamagnetic 
LusAls012 and LusGas012· The results are interpreted qualitatively as indicating highly 
anisotropic and relatively large local crystalline electric fields, and the effect of these 
on the properties of ferrimagnetic rare earth iron garnets is considered. It is shown 
that in the ferrimagnetic garnets the rare earth ions will almost always divide into 
6 non.collinear sublattices, whose magnetic moments make quite large angles with the 
two antiparallel iron sublattices. For one case, YbiG, it has been possible to make a 
numerical estimate of the angles of canting. 

Introduction 

Continuing our survey of the properties of 
paramagnetic garnets with the general formu­
la RsXs01 2, where X=Al or Ga1·2·3> we have 
measured the low temperature susceptibilities 
of crystals with R=Gda+, Tba+ , Hoa+ and 
Tma+, and we have made paramagnetic 
resonance determinations of the principal 
g-values of Nda+, Dya+, Era+ and YbS+ sub­
stituted in small amounts ( < 1%) into LuAl 
and LuGa garnets. Measurements of this 
kind can immediately be interpreted in a 
qualitative way to give information on the 
strength and symmetry of the crystalline 
electric field acting on the rare earth ions, 
an important factor in the theory of the 
ferrimagnetic rare earth iron garnets. A 
detailed analysis of the results in terms of 
crystal fields with various symmetries is not 
possible from these data alone, both on ac­
count of the general complexity of the prob­
lem (nine independent parameters), and also 
because the results reveal considerable varia­
tions depending on the particular diamag­
netic host lattice in which the rare earth 
ions are situated. However, even the general 
conclusions are sufficiently striking to draw 
attention to some powerful anisotropy effects 
generally omitted from the theory of terri­
magnetism. 

The Susceptibility Measurements 

The susceptibility measurements were made 
on single crystals grown by the standard 
PbO/PbF2 flux method•>, except for the GdAl 

garnet for which a slightly modified com­
position was used5>. An a.c. inductance· 
method6> was used to obtain high precision 
( < 0.1%) for the temperature dependence ,. 
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Fig. 1. Susceptibility versus temperature for six: 
'non-Kramers' rare earth gallium and alumin­
ium garnets. 
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Fig. 2. Reciprocal susceptibility versus temper­
ature for two Gd garnets. The Curie constant 
of 7.82 in each case corresponds to g=1.992,. 
8 =7/2, as expected for the Gda+ ion. 

443 



444 W. P. WOLF, M. BALL, M. T. HUTCHINGS, M. ]. M. LEASK AND A. F. G. WYATT 

which was investigated in the ranges 20° to 
l4°K and 4.2° to 1.5°K. The results are 
.shown in figures 1 and 2. 

We may note the following general fea· 
tures: (i) For both Tba+ and Hoa+ the re­
:sults are very similar in the Al and Ga com­
pounds, in contrast to Tma+ and the previous­
'ly observed results for Dya+ and Era+<s> . In 
.a qualitative sense, this gives one some con­
fidence that any deductions about crystal 
iields for these garnets can also be applied 
to the ferrimagnetic iron garnets, though it 
must be borne in mind that the average 
.susceptibility is not very sensitive to small 
.changes in the crystal field. (ii) The absolute 
magnitudes of x for both Tba+ and Hoa+ are 
-very large and strongly temperature depend­
ent down to the lowest temperatures. This 
indicates small splittings ( < 5 cm- 1) between 
·the lowest energy levels, a result which may 
be considered a priori surprising, since both 
these ions have an even number of electrons 
.and are situated in sites of rhombic sym­
metry. This suggests that deviations from 
-cubic point symmetry may be predominantly 
axial with only small rhombic components, 
{see also Table I), or else that crystal field 
.effects are appreciably weaker for both these 
ions than for other cases (such as Yb3+ , for 
which splittings of the order of 500 cm- 1 have 
been found 7

•
2

•
91

). (iii) For Tma+ the small 
.and almost temperature independent x in­
dicates that the ground state is a singlet, or 
.a non-magnetic r s doublet, with other states 
-considerably higher (> 50 cm- 1 ) in energy. 
In this case, the splittings in the Al and Ga 
-compounds seem to be appreciably different. 
As in the unambiguous case of Yba+, these 
results are consistent with the general con­
dusion that crystal field effects may be rel­
atively large in garnets. (iv) The suscepti­
bility of TbAlG, (but not that of TbGaG), 
has a maximum at 1.5°K, indicating magnetic 
-ordering. A difference between the strength 
-of interaction in the Al and Ga componds 
was also observed for the Gda+ garnets, for 
which we find Curie-Weiss constants of 3.0°K 
:and 2.3°K (antiferromagnetic sign). These 
results indicate that the rare earth-rare earth 
interactions in garnets are in part due to 
.exchange forces, rather than magnetic dipole 
-coupling alone. The order of magnitude of 
the implied interactions is consistent with 

previous results for paramagnetic Yba+<21 , 

Dya+ and Era+<s> garnets, but it is consider­
ably smaller than the values deduced by 
Pauthenet101 from measurements on ferrimag­
netic rare earth garnets. Reasons for this 
discrepancy have been discussed elsewhere11 1• 

The Paramagnetic Resonance Measurements 

The paramagnetic resonance experiments 
were carried out and analysed as described 
previously1 •31 • The measurements were made 
at frequencies near 9 KMc/s, and except for 
the case of Yba+ all were made at 4.2°K, to 
reduce relaxation broadening. The Yba+ 
spectra were clearly resolved at 20°K and 
did not change with decreasing temperature. 
A striking feature in some of the observa­
tions was a large variation of the signal in­
tensity with the orientation of the applied 
d.c. field. This was a result of the highly 
anisotropic g-values, and in some cases it led 
to difficulties in following certain lines over 
all angles. However all observed lines could 
be fitted very closely to the calculated curves 
based on three adjustable g-values and there 
was no ambiguity in the identification of the 
spectra. A typical set of results is shown 
in Fig. 3, in which the variation of effective 
g-value is plotted as a function of the direc­
tion of the d.c. field in a (110) plane. 
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Fig. 3. Angular variation of the effective g-values 
for Era+ in LGG, for the four resonances observ­
ed when a magnetic field is applied in a (110) 
plane. 

The four curves correspond to the four 
types of ions which are inequivalently orient­
ed with respect to a magnetic field in that 
plane. The points represent experimental 
measurements, and the solid lines the varia­
tion calculated from the three principal g­
values chosen to give the best fit. Fig. 3 
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also illustrates graphically the very marked 
anisotropy found in these compounds. The 
results for all the ions are summarized in 
Table I, which includes for comparision 
-previously published results for the same 
ions in Y AI and YGa garnets. 

The qualitative significance of these results 
to the theory of ferrimagnetism is that they 
.emphasize again that the properties of most of 
the rare earth ions are extremely anisotropic 
and sensitive to the precise nature of 
their environment in the garnet structure. 
For Nda+ and Yba+ there are systematic 
trends in the g-values, and one can extrapo­
late from the paramagnetic to the ferrimag­
netic iron garnets with some confidence. 
For Dya+ and Era+ these are big and seem­
ingly random differences and quantitative 
.extrapolation is rather more uncertain. Even 
:so, we can quite definitely draw the general 
.conclusion that all rare earth ions in garnets 
.are individually very anisotropic, and this 
has important consequences for various bulk 
-properties in the ferrimagnetic state. We 
:shall examine here some of the resulting 
:sublattice arrangements. 

'The Effect of Crystal Fields on the Sublattice 
Structure of the Ferrimagnetic Rare 
Earth Iron Garnets 

In the ferrimagnetic iron garnets the rare 

earth ions are subject to exchange forces 
from two Fe3+ sublattices, which below room 
temperature are strongly alined by their own 
mutual interactions'0

' . Were it not for the 
crystal field, the induced rare earth moment 
would be parallel (or antiparallel) to the re­
sultant magnetization, but at low tempera­
tures when only some of the states of the 
rare earth ions are populated, the situation 
is more complicated. The simplest case to 
consider arises when the crystal field is very 
large compared with both kT and the ex­
change interactions, and each ion has an odd 
number of electrons. It is then only neces­
sary to take account of the exchange effects 
on the lowest Kramers doublet of each of 
the rare earth ions, which can then be re­
presented by fictitious spins s' = l /2. The 
first order change of energy produced by the 
interactions can be represented by the split­
tings produced by an isotropic exchange field 
-H. in the direction of the iron sublattice 
magnetization, acting on the fictitious spins 
through an anisotropic exchange G-tensor 
which has the same axes as the magnetic 
g-tensor8

·"' . If we assume that the form 
of anisotropy of G is similar to that of g, 
we can very simply specify the type of sub­
lattice arrangement from the sequence in 
order of magnitude of the measured g%, g~ 
and g.' 5

' . 

Table I. 

g. ref. 

Nda+ LuGaG 2.083 ± 0.007 1.323± 0.007 3.550± 0 .007 * 
YGaG 2. 027 ± 0. 008 1.251±0 .008 3.667± 0.018 3 
LuAIG 1. 789 ± 0 .005 1.237 ± 0.006 3.834± 0.005 * 
YAIG 1. 733 ± 0. 002 1.179± 0.002 3.915± 0.026 3 

Dya+ LuGaG 13.45 ± 0.10 0.57 ± 0.10 3.41 ± 0 .03 * 
YGaG 11.07 ± 0.2 1.07 ± 0.14 7.85 ± 0 . 10 3 

LuAIG 2 .29 ± 0.03 0.91 ± 0 .05 16.6 ± 0 .3 * 
YAIG No resonance detected** 3 

Era+ LuGaG 3 .183± 0 .015 3.183 ± 0 .015 12 .62 ± 0.10 * 
YGaG 4 .69 ± 0 .03 4.03 ± 0.02 10 .73 ± 0.05 3 

LuAIG 6.93 ± 0.02 4.12 ± 0.03 8.43 ± 0.04 * 
YAIG 7.75 ± 0 .09 3.71 ± 0.02 7.35 ± 0.08 3 

Yba+ LuGaG 3.653 ± 0.013 3.559 ± 0.013 2.994 ± 0 .011 * 
YGaG 3.73 ± 0 .02 3.60 ± 0.02 2.85 ± 0.02 1,12 

LuAIG 3 .842 ± 0 .005 3 .738±0.007 2.594 ± 0 .004 * 
YAIG 3 .87 3.78 2.47 12 

* This work. 
** From preliminary measurements we find a weak resonance with g,-18, gz and g 11 <0.7. 
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To calculate the magnetic moment M of a 
particular rare earth sublattice we derive an 
expression for the total free energy F of the 
individual ions subject to the exchange effects 
of the iron sublattices together with a small, 
arbitrarily oriented magnetic field Ho. The 
component of M along one of the principal 
directions (a) of the g-tensor is then given 
by - ((}Fj()H0~) , provided that the exchange 
energy is independent of Ho, (as it will be 
in the garnets for small fields and low tem­
peratures). The calculation of M is particu­
larly simple at T=0°K. The free energy is 
then identical with the spectroscopically 
measured internal energy, and to first order 
F (per ion) becomes equal to the lowest 
eigenvalue of the Hamiltonian18> 

7C'= H.·G·sl+ p.I1Ho·g·s', 

which is 

(1) 

( 2) 

The a component of Mat T=0°K is there-
fore given by 

M _ N p. 11g~ (H.~G"' + P.11Ho~g"') ( 3 ) 
"'- 2 [ ]1/2 

~ (H • .,G~+p. 11H0~g~)2 

where N is the number of ions. The spon­
taneous moment produced by the exchange 
field alone can now be found by putting 
Ho=O. If He lies in one of the principal 
planes of the g's, the induced magnetization 
will also lie in that plane, and its components 
will be related by 

tan 7Jf = Mil= gllGilHell = gllGil tan 8 ( 4) 
M"' g~G.,H."' g~G"' 

where 8 is the angle between H. and the 
principal axis a, and 7Jf the angle between 
Manda. 

The orientation of the magnetic axes (of 
the six inequivalent ions in unit cell) relative 
to the cubic crystal axes (XYZ) is shown in 
Fig. 4A. If Ho is small, the iron sublattice 
magnetization, and hence also H., will be 
parallel to one of the cubic [111] axes , (the 
'easy' axis for most of the rare earth iron 
garnets), and we can identify g"'G"' with g.G. 
for every ion, and gllGil with either g~G~ or 
gvGv: tan 8=1/2 in each case. Values for 
Gll!G"' have so far only been determined for 
the case of Ybs+IB> , but we can make the rea­
sonable guess that the anisotropy in the 

magnetic g will be strongly reflected in that 
of the exchange G15>. In particular, if the 
magnetic g's are very different, it is most 
unlikely that the ratio gllGilfg~G"' will be 
close to one, so that 7Jf and 8 will be ap­
preciably different. Three of the possible 
arrangements of the resulting rare earth 

~~ 
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Fig. 4. (A) Orientation of the rare-earth ion 
magnetic axes relative to the cubic crystal axes. 
(XYZ). Numbers 1 to 6 refer to the six in­
equivalent rare-earth ions in the unit cell. 

(B), (C), (D) Three possible arrangements of the· 
rare earth sublattice polarizations, for different 
relative strengths of the local distortions. 

polarization are shown in Figs. 4 (B, C and 
D). The ions indicated in parentheses re­
present speculative extrapolations based on. 
Table I, assuming also that g~ >gil implies. 
g"'G"' >gllGil. 

The precise extent to which the moments. 
deviate from the [111] direction will depend 
on the anisotropy of both g and G, but from 
the values shown in Table I we can conclude 
with certainty that appreciably non-collinear 
arrangements will occur in most cases. In-· 
deed, evidence for one such structure has. 
already been reported16>, but unfortunately 
for a case (holmium) for which no paramag­
netic resonance can be observed at ordinary 
microwave frequencies. For the one case· 
(Ybs+) for which both g and G are known, 
we can use equation (4) to estimate the angles. 
made by the rare earth moments with the 
[111] axis. For three types of ions (1, 3 and 
5 in Fig. 4C) we find 22.5°, and for the other 
three, 20°. These estimates should be only 
slightly affected by the second order terms, 
which we have neglected, and the uncertainty 
in extrapolating the g-values, and it would 
be very gratifying if they could be verified . 
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by neutron diffraction measurements. 
From equation (3) we can also calculate the 

magnitudes of the moments on the six Yb 
sublattices and their resultant. By subtract­
ing the Fe moment we can then predict the 
total spontaneous magnetization of pure YbiG 
at T=0°K. Using our values of g for LGG 
and Wickersheim's observed G, this leads to 
a calculated moment of (5.01- 5.00)=0.0lpn171

, 

which may be compared with the value 7 .Un 
predicted in the absence of crystal field an­
isotropy, and the observed value of 0.25,un101

• 

The small residual discrepancy is almost 
certainly accounted for by second order 
Zeeman effects, whose contribution, estimated 
from the observed temperature independent 
susceptibility21 , will be of the order of 0.15,un. 

The relatively strong and highly anisotrop­
ic crystalline electric fields which our para­
magnetic measurements have indicated, will 
similarly affect the overall magnetic aniso­
tropy in the ferrimagnetic iron garnets, and 
also the field dependence of the saturation 
magnetization. A discussion of these effects 
will be presented elsewhere. The remarkable 
structure dependence of the g-values observed 
for the cases of Ers+ and Dys+ suggests that 
these ions should also show anomalous mag­
neto-elastic effects at low temperatures. 

Conclusion 

A number of measurements have been de­
scribed which emphasize the importance of 
crystal field effects on the properties of rare 
earth ions in garnets. It is shown that these 
may be expected to dominate the rare earth 
sublattice structure in the ferrimagnetic rare 
earth-iron garnets, though from existing data 
detailed predictions are generally not possible 
on account of several complicating effects. 
In the one ideal case of Ybs+ our measure­
ments combined with the spectroscopic data 
of Wickersheim81 lead one to expect a rela­
tively simple canted sublattice structure, 
involving angles of about 20° between the 
Ybs+ and Fes+ magnetic moments. 

Acknowledgments 

We wish to thank Dr. G. Garton for his 
constant advice on the preparation and orien­
tation of samples, and Mr. R. Sutton for as­
sistance with some of the experiments. 

This work was supported in part by the 

Electronics Research Directorate A.F.C.R .L., 
through the European Office, Aerospace Re­
search, U.S. Air Force, and in part by the 
Board of Admiralty. One of us (M.J.M.L.) 
wishes to acknowledge a Pressed Steel Com­
pany Postdoctoral Research Fellowship, and 
two of us (M.T.H. and A.F.G.W.) D.S.I.R. 
Research Studentships. 

References 
1 D. Boakes, G. Garton, D. Ryan and W . P . 

Wolf: Proc. Phys. Soc. (London) 76 (1959) 
663. 

2 M . Ball, G. Garton, M. J. M. Leask and W. P. 
Wolf: Proc. Int. Conf. on Low Temperatures, 
Toronto (1960) 128. 

3 M. Ball, G. Garton, M. ]. M. Leask, D. Ryan 
and W. P. Wolf: J. Appl. Phys. 32 (1961) 
267S. Also D. Ryan, Thesis, unpublished. 

4 J. W. Nielsen: J. Appl. Phys. 31 (1960) 51(s). 
5 All the other AI garnets were grown using the 

same molar proportions as for the Ga garnets. 
In the case of Gds+, however, this produced 
only the perovskite, but it was found that by 
increasing the Ab03 content by about 20% some 
garnet crystals were obtained. 

6 F. R. McKim and W. P. Wolf: Rev. Sci. Instr. 
34 (1957) 64. 

7 Y. Ayant and J. Thomas: C. R. Acad. Sci. 
248 (1959) 387. 

8 K. A. Wickersheim: Phys. Rev. 122 (1961) 
1376. 

9 R. Pappalardo and D. L. Wood: J. Chern. Phys. 
33 (1960) 1734. 

10 R. Pauthenet: Ann . de Phys. et de Chim 3 
(1958) 424. 

11 W . P . Wolf and J. H. Van Vleck: Phys. Rev. 
118 (1960) 1490. W. P. Wolf and R . M. Bozorth: 
Phys. Rev. 124 (1961) 449. 

12 J. W. Carson and R. L. White: J. Appl. Phys. 
31 (1960) 53S. 

13 Throughout this discussion we omit terms 
arising from off-diagonal matrix elements to 
electronic states above the ground state 
Kramers' doublet, and these may not always 
be negligible. For ions in the second half of 
the rare earth series the effect of such terms 
will be to enhance the magnetic moment, and 
in general they will also change its direction. 
However, we ignore these complications here· 
since we only aim at qualitative conclusions, 
which can be obtained by considering the first 
order Zeeman effect alone. For some cases, 
e .g. Ybs+ , even the quantitative error should 
be small. 

14 W. P. Wolf: Proc. Phys. Soc. (London) 76 
(1959) 665. 



448 W. P. WOLF, M. BALL, M. T. HUTCHINGS, M. J. M. LEASK AND A. F. G. WYATT 

15 If the interaction were simply of the form 
JSaE·SFe, the component of G and g would be 
related through a single scalar factor. In 
general, however, J depends on the orbital 
state of the rare earth ion, and the two g­
tensors are not simply related. Even so, the 
principal axes are in general still the same, 
and we might guess that corresponding prin­
cipal values will be in the same sequence. 

(See also refs. 8 and 14). 
16 A . Herpin, W. C. Koehler and P. Meriel : C. 

R. Acad. Sci. 251 (1960) 1359. 
17 This result is somewhat lower than the value 

recently calculated by Henderson and White 
(Phys. Rev. 123 (1961) 1627), who used a sim­
plified expression for M, ignoring the canting 
of the Yb moments. 

JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN VOL. 17, SUPPLEMENT B-l, 1962 
PROCEEDINGS OF INTERNATIONAL CONFERENCE ON MAGNETISM AND CRYSTALLOGRAPHY, 1961, VOL. I 

Theoretical Study of the Magnetic Properties of Rare Earth 

Ions in the Structure of Garnet* 

Y. AYANT AND ]. THOMAS 
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Grenoble, France 

An attempt has been made to interpret 
for various rare earths in the structure of 
garnet the magnetic susceptibility curves 
(Cohen) as well as other data: magnetization 
curves (Pauthenet), paramagnetic resonance 
(Wolf, Oxford). 

a) In the first approximation, the Hamil­
tonian is written by the assumption that the 
ions surrounding the magnetic ion form a 
perfect cube, and the magnetic properties 
are deduced by means of Van Vleck's cal­
culation. 

b) In the second approximation, the exact 
arrangement of the neighbours is taken into 
account. The Hamiltonian is written for 
one f electron by assuming that the crys­
talline field is purely electrostatic and that 
there are punctual charges - 2e on the sites 
occupied by the ions o--. It is expanded in 
a series of spherical harmonics, but a mul­
tiplicative constant a1 is introduced for each 
Y!. to take into account the departure from 
the reality of the hypothesis of punctual 
charges, the screening effect of the outer 
shell, and other interactions as covalence. 
The coefficient a!, of Y!, for the purely 
electrostatic field due to punctual charges is · 

* Comment to the paper by W.P. Wolf , et al., 
read by Professor P. Brissonneau. 

calculated from crystallographic data . Many 
a;, vanish because the arrangement of the 
neighbours has orthorhombic symmetry, and 
many others are without interest owing to 
selection rules. Among what remains, the 
ones which are not zero when the arrange­
ment of the neighbours have the cubic sym­
metry are well determined from crystallo­
graphic data, but the others are found in 
the calculation to be the difference of nearly 
equal terms (these terms are exactly equal in 
cubic symmetry), so we must consider them 
as undetermined, the precision on the crystal­
lographic data being too small. Among them 
ai=a~2 is negligible with respect to a~ and 
a!, and a~ and a~ with respect to a~ and a:, 
and only a~ and a;=a:..2 are to be taken into 
account because they are multiplied by <r2) 

which is large with respect to <r'). We can 
therefore write the Hamiltonian as a linear 
combination of 

Y~ , Y ;+ Y _; , Y~ , Y! + Y~, , n, Y:+ Y ll__,. 
For n electrons f it is considered that] is 

a "good quantum number", and the result 
of compounding the spherical harmonics for 
the n electrons is a new spherical tensor 
written in the space of ] by the method of 
polynomicals (Y. Ayant and J. Rosset, Ann. 
Inst. Four. 10, 1960, pp. 345-358). The Ham-




