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The effect of anharmonic intramolecular vibrations on various quantities to be obtained 
by gas electron diffraction is studied theoretically. Calculations are made for a polyatomic 
molecule in general, and a method is given for calculating the average internuclear 
distance and the mean amplitude by means of the theory of normal vibrations and a 
first-order perturbation treatment. 

The method is then applied to methane and deuteromethane as an example, and the 
results are compared with corresponding experimental data. The observed difference 
between rg of C-H and C-D (an ru isotope effect), and the inherent discrepancy of the 
diffraction distance, r u, and the spectroscopic distance, r 0 , are all explained consistently 
in terms of molecular vibrations. 

It is shown that the uniform frequency modulation of the molecular intensity curve 
is caused by the anharmonicity, and the Morse asymmetry parameter estimated from 
experimental phase shifts is found to be in line with the theoretical estimation. 

There has been a rapid progress in recent 
years in the studies of gas electron diffrac­
tion motivated by the development of its 
experimental techniques. As a result, inter­
atomic distances and mean amplitudes can 
be determined with a standard error of about 
±0.001 A which is of comparable precision 
to those of the studies of microwave, infrared, 
and rotational Raman spectroscopy. The 
method of electron diffraction, therefore, of­
fers a powerful means of studying molecular 
structure and vibrations. 

One of the most interesting problems is 
the anharmonicity of the intramolecular 
potential field. The effect of anharmonicity 
manifests itself in three experimental para­
meters to be determined by gas diffraction, 
i.e., the internuclear distance, ru, the mean 
amplitude, l, and the asymmetry parameter, 
a. A theoretical study has been made in a 
previous paper1

' to clarify the physical sig­
nificance of these parameters in a diatomic 
molecule, and the theory is given experi­
mental support2' . The present work is in-

* The essential part of this work was done while 
K.K. was staying at Iowa State University sup­
ported by the National Science Foundation. 
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tended to be its extension to a polyatomic: 
molecule, and in particular, our recent ex­
periment on methane and deuteromethane8

' 

is examined in detail from the viewpoint of 
anharmonic molecular vibrations. 

Effect of anharmonicity on the internuclear 
distance 
General theory 

If all molecules are assumed to be in the 
ground vibrational state, and let cf; be its. 
vibrational wave function, the average inter­
nuclear distance, or the center of gravity 
of the probability distribution, r9 , is related 
to the equilibrium distance, r., by the follow­
ing formula, 

r9 =r. + (cf;iL1r icf;)= r. + (.dr ) , ( 1) 

where ( Jr) is an instantaneous displacement 
of the distance from r. averaged over the 
vibration. The displacement Jr can be ex­
panded in terms of its projection on to the 
Cartesian coordinates, Jx, Jy, and Jz, 

L1r=L1z+[(Jx)2 + (L1y)2]/2r.+ .. · , ( 2) 

where the z axis is taken along the equilibri­
um direction of the nuclei. 

With the aid of the theory of normal vibra­
tions' ' , it is possible to express Ju (u=x, y, 
and z) as a linear combination of normal 
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coordinates, Qk, 

L1u= 2.: D'"(M-'B')tU;,.('i3-')~kQk, ( 3) 
l,m,k 

where all matrix notations are defined in the 
reference5' , and their elements are shown to 
depend on the geometry, masses, and normal 
frequencies of the molecule. 

The wave function, ¢ , on the other hand, 
is very nearly that of a multi-dimensional 
harmonic oscillator, ¢ 0 , but it suffers a slight 
distortion due to the anharmonic terms of 
the potential, V= Vo+ V', where 

( 4) 

and 

V' = 2.: k;jkQ;QjQk+ 2.: k;jktQ;QjQkQt+ · · · . ( 5) 

It is shown that the terms higher than the 
.cubic are not important in our calculation. 
By a method of first-order perturbation, the 
wave function is given by 

¢=1/Jo- 2.: [(¢;1 V'l¢o)/(E;-E o)]¢; . ( 6) 

By substituting ¢ into Eq. (1), <Jr) can be 
calculated. At a nonzero temperature, it is 
necessary to take the average of <LJr) over 
all excited vibrational states with proper 
Boltzmann factors. However, for molecules 
like methane, where all normal frequencies 
are much higher than kT at the room tem­
perature, it is only necessary to take the 
ground state into account. 

Calculation of r9 for methane 

For tetrahedral molecules, it is shown that 
the potential function V' can be written as6 ' 

V' =k111Q1 3 +ki22Q,(Qia +Q~b)+ki33Q,(Q:. 

+Q;y+Q:,)+ kwQ,(Q!.+Qiy+Q!.)+ · · · , 
( 7 ) 

and the wave function ¢ as* 

¢=1/Jo+ J.,¢,' 

where 

( 8) 

J., = - (3/21/ZII, )(cu,+ ~ c122+c133+c,.,), ( 9) 

and 

Ciik = (N3
'

2h''2 /8rr3c5
/

211!1211}'2111'2)kiik . (10) 

The function ¢, corresponds to the state in 

* In a more rigorous treatment, tjl is normalized 
by including the effect of other nine nonzero cubic 
coefficients7). The effect, however, is so slight that 
it does not alter the following discussion signi­
ficantly. 

which only the A, vibration, 11,, is singly 
excited. Accordingly, the meaning of ¢ is 
that the wave function is slightly distorted 
in a totally symmetric way due to the an­
harmonic perturbation. The extent of the 
distortion, J." depends on the cubic constants, 
the estimation of which is the crucial problem 
of the calculation of <LJr) . Since no experi­
mental information regarding c;1k is available, 
it is estimated from spectroscopic data fol­
lowing the method proposed by the authors7l 
and mean values of the normal coordinates 
are calculated by the use of the above wave 
function. It is shown that 

< Q 1)= J.,(h/2rr2C11 1) 112 , 

and 

The effect of anharmonicity is clearly shown 
in <Q,) , since it vanishes in the case of the 
harmonic vibration. It is also easy to derive 
<Q;2) , which, in contrast to <Q,) , is only 
slightly different from their harmonic values, 

(12) 

In other words, <Q,) is "anharmonic", 
whereas <Q;2) is "harmonic". 

Necessary vibrational data have been given 
by Jones and McDowell8

' , so that the com­
bination of Eqs. (2), (3), (11), and (12) leads 
to the evaluation of <LJr) . At the room tem­
perature, a minor correction for the centri­
fugal stretching, or--0.0005 A (independent of 
the atomic mass) should also be included. 
The final estimation of r9 -r.=<L1r)+or is 
listed in Table I. 

According to our experiment, r9 of C-H in 
CH. is larger than that of C-D in CD. by 
about 0.004 A, but they agree satisfactorily 
with each other when reduced to r. . Such 
an "isotope effect" of r9 , observed for the 
first time in this experiment, can be explained 
in terms of the mass-sensitive anharmonic 
vibrations. The situation is demonstrated in 
the following simple formula' ' which is often 
used by analogy of diatomic molecules and 
is found to hold approximately in this case, 

r9 =r,+ ~ a<L1z2
). (13) 

where a is a constant of the asymmetry, 
and <Jz2 ) is shown to be very nearly propor­
tional to mn - 112 • 
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Table I. Comparison of the Internuclear Distances of Methane, (A). 

Distance 

C-H(CH4) 

C-D(CD4) 

ru 
(exp) 

1.106a±0.00h 

1.102,±0.001a 

a) From electron d1ffract10n. 
b) From spectroscopy. 

ro 
(exp) 

1.0940 

1.0923 

<Calculation of r0 for methane 

r 0 -ro 
(exp) 

0.0128 

0.010. 

The spectroscopic parameter, r0 , of me­
thane is obtained from the rotational constant 
-of the ground state, Bo, by 

ro=(3h/64rr2mEicBo)112 
• (14) 

By using the method of Wilson and Howard9
J 

Bo is related to B, (64rr2mEicr ."/3h) as ' 

Bo=B,{ 1-(1/mEI 1
/

2r,)(Q1)+ ( 2( Q 1
2) + ( Q 2

2
) 

+ ; i:;a( Qs•)+ ; I:;,( Q." ) )!I, 
- B,[(;a(]).- 1Js)2/IJ•IJs(IJ. +])a)+(;,(]). 

- 1J•)2 /IJ,(IJz + IJ,) + 2(23(z.(1Ja- 1J,)2/IJaiJ• (1Ja + IJ,)]} 

(15) 

where I, is the equilibrium moment of in­
·ertia, 8mEir."/3, 1J; is the normal frequencies, 
.and ( can be calculated from the masses and 
the L matrix elements. The formula (15) is 
.also derived by Hecht'01 • By substituting 
-(11) and (12) into (15), it is possible to cal­
·Culate ro-r, as listed in Table I. It is 
noteworthy that ro should not be identified 
with (r-•)- 112 except in the case of diatomic 
molecules, nor is Bo equal to (h/8rr2c)(1//) as 
is often assumed to be. 

The experimental data of r0 in Table I 
.are seemingly the most reliable ones. It is 
to be noted that r 9-r0 is shown to be in­
-dependent of the anharmonic terms, ( Q 1). 

Namely, r. which is derived from r0 by eli­
minating the harmonic contribution is proved 
to be equal to r 9-[( ..1x2)+(..1y2) ]/2r, to a good 
.approximation (for molecules like methane), 
and since the second term of the latter is 
also harmonic, ro can be converted to r. by 
.a harmonic transformation111, 

It is clearly shown in Table I that the dif­
fraction and the spectroscopic results of CH, 
and CD, correspond to one another consistent­
]y, and they lead to the C-H equilibrium 

r 0 - ro 
(calc) 

0.0131 

0.0097 

r w-re 
(calc) 

0.0221 

0.016, 

ro-r, 
(calc) 

0.0090 

0.0067 

distance of about 1.085 A. 

Mean amplitude 

r ,al 
(ED) 

1.0847 1.085o 

1.086a 1.0856 

According to Eq. (2), the root mean square 
amplitude, or so-called the "mean amplitude", 
l,, can be expanded as 

t; =(..1r2)=(..1z2)+ [( ..1zLix2)+(..1z..1y2) ]/r , + ... _ 

(16) 

The theoretical calculation of l , from spec­
troscopic data by Eq. (16) is similar to that 
of r.. The second term of Eq. (16) is "an­
harmonic", but it is usually very small. In 
most conventional work121

, therefore, l, is 
calculated by the following "harmonic" ap­
proximations, where i) fundamental frequen­
cies, IJo, are used in place of normal frequen­
cies, IJ,, in Eq. (12) and in the calculation 
of the L matrix, and ii) ( ..1r2) is approxi­
mated by ( ..1z2) . A calculation is made for me­
thane to examine the above approximation. 
As shown in Table II, conventional values 
are almost equal to the rigorous l,, as errors 
in the approximation are nearly cancelled. 

Nevertheless, it is not necessarily justifiable 
to ignore the effect of anharmonicity on the 
mean amplitude, and it is particularly im­
portant to make a clear distinction among 
various parameters when an experimental 
value of a very high precision is required as 
in the case of using it to the determination 
of force constants131 • Our recent study14 1 has 
shown that the mean amplitudes as conven­
tionally derived from the diffraction experi­
ment by fitting distribution peaks with Gaus­
sian, or by fitting molecular intensity curves 
to theoreti::al ones are both very nearly [0 , 

where 

l?=((r-r0)
2)= l."- ( ..1r) 2 , (17) 

and they can, in principle, be reduced to [0 

and l , . Various mean amplitudes of methane 
are listed in Table II, where the experimen­
tal results31 are found to be in good agree-
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Table II. Comparison of the Mean Amplitudes of Methane, (A ). 

le (exp) le (calc) 

C-H(CH,) 0.078!±0.002 0.078, 

C- D( CD,) 0.068,±0.002 0.068, 

* Harmonic approximation. 

ment with the theoretical calculations. 

Asymmetry parameter 

It seems reasonable to represent the proba­
bility distribution function P (x) of an an­
harmonic oscillator corresponding to a bond 
in a diatomic or polyatomic molecule by 

P (x) = A (a/rr )112(1 + .2:: c,.x") exp (-ax2
) , (18) 

where x=r-r., and A is a constant of nor­
malization. The parameter a can be deter­
mined from the experimental mean amplitude, 
and it has a particularly simple expression 
in the case of a diatomic molecule, 

lg (calc) 

0.075, 0.075, 0.078o 

0.066s 0.066a 0.066o 

¢(s)~- [a/24+(a/16-1/24r.)(a 2 + 1/r.2)/a](s2/a) 
+a3s'/320a' · · ·. (22) 

The effect of anharmonic vibrations is 
clearly demonstrated in our experiment of 
methane81, where the skewness of the C-H 
and C-D radial distribution peaks corresponds 
to the asymmetry parameter a of about 3A.- 1, 
and the observed molecular intensity curve 
is uniformly "pulled out" from a pure sine 
curve. An analysis of the shifts of its nodes 
leads to a determination of a to be 3.1 ± 0.5.! -t, 

which is in line with our theoretical estima­
tion71 based on the anharmonicity character­
istic of the C-H bond and on the effect of 
the repulsion between the nonbonded hydro­

(19) gen atoms161. 

The coefficients c,. depend on the form of 
the potential fuuction, and they represent a 
distortion from a Gaussian distribution. 

General expressions of the radial distribu­
tion function, f(r), the molecular intensity 
curve, M (s), the distance, and the mean am­
plitude corresponding to the probability func­
tion (18) have been derivedw in terms of c,. 
and a. They take simple analytical expres­
sions when the potential function is assumed 
to be of a Morse type151, which is regarded 
as a reasonable representation for our pur­
pose, 

V(x)=D.[exp ( -2ax)-2exp (-ax)] . (20) 

It is shown in this case that the coefficients 
c,. can be given simply in terms of a and 
"the asymmetry parameter" a. For example, 
c,=a, and Ca=aa/3, in its ground state. It 
is accordingly possible to represent f(r) and 
M(s) in terms of a and a. It is shown that 
there should appear a uniform frequency 
modulation in M (s), which is given by11 .w 

M(s)~c exp ( -l0
2s2/2){sin s[ru 

-1/2ar.+¢(s)]}fsr.. (21) 

An approximate expression of the phase 
factor, qS(s), is as follows'31. 
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DISCUSSION 

]. KAKINOKI: The molecular intensity is given by the difference of the total intensi­
ty from the background intensity. Both these intensities are large, and the ratio of 
the molecular intensity to the total intensity is 1:10 or less. Can we get an accurate 
experimental intensity which can give necessary information with high accuracy? 

It must be remembered in this connection that there are a number of experimental 
features which might cause serious errors in the intensity measurement, such as a 
finite distribution of the gas specimen and a finite width of the microphotometer trace. 

K. KucHITsu: Yes, as far as we believe. It is true that the molecular intensity 
we measure is only a small fraction of the total intensity, so that one has to be ex­
tremely careful to eliminate errors from various sources such as those you have in­
dicated. But it is our opinion that one can get sufficiently reliable molecular intensi­
ty, if necessary experimental precaution is taken in taking diffraction photographs, 
microphotometering, and in measuring photometer traces. 

There are some systematic errors which are of crucial importance on the determi­
nation of internuclear distances and others to which mean amplitudes are very sensi­
tive. Most of such errors, as we believe, can be estimated and corrected for, at least 
approximately, and random errors can be treated by a proper statistical treatment. 

The standard errors quoted in our final results have been determined after such 
consideration, and are seemingly reasonable in view of the high index of resolution 
and of the good agreement with spectroscopic conclusions. 
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In order to confirm the consistency between the interatomic distances obtained by 
electron diffraction and those obtained by spectroscopy, the average distances r/s of 
carbon disulfide were calculated from spectroscopic data, and compared with ro's measured 
by electron diffraction. They were in good agreement with one another. The results are, 
r 0(C-S)=l.5583±0.002aA and r 0 (S-S)=3.114,±0.004oA by electron diffraction, and 1.558o 
± 0.000, and 3.109o±0.001oA by spectroscopy. 

It is shown that a simple model that the bond stretching potential is expressed by a 
Morse function yields cubic constants which are in good agreement with those obtained 
by the spectroscopic studies. 

1. Introduction 

In some recent works0 21 on the studies of 
the molecular structure by gas electron dif­
fraction, attentions have been paid to the 
differences among various distance parameters 
in comparing the results with those by other 

techniques. In almost all cases, however, it 
is impossible to show the consistency of the 
results of electron diffraction with those of 
spectroscopy because of the limited know­
ledge on the anharmonicity of molecular vibra­
tion. 




