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Cyclotron Resonance Line Width of Germanium and Silicon

in the Quantum Limit

R. ITO,* M. FUKAI** and I. IMAI***

The Institute for Solid State Physics, University of Tokyo, Japan

The relaxation times of electrons in pure germanium and silicon were
measured from the line width of cyclotron resonance at liquid helium
temperatures at frequencies of 24 Gc/sec, 50 Gc/sec and 70 Gc/sec.
Departure of the temperature dependence of the relaxation time from
the law characteristic of acoustic phonon scattering is explained
by taking account of the quantization of the electron energy.

§ 1. Introduction

In recent years, cyclotron resonance has been
used as a most powerful tool for the investiga
tion of carrier scattering mechanisms in solids
as well as their band structures. The width of

the resonance line gives us direct information
about the momentum relaxation time of conduc

tion carriers. Extensive study has been done
on germanium and silicon; various scattering
mechanisms, such as scattering by phonons,"
impurities,'" or other carriers," have been in
vestigated and reasonable agreement between
experiment and the usual transport theory has
been obtained.

Meyer" was the first to point out that under
"quantum" conditions, hroo^kgT, the cyclotron
resonance line width cannot be described by the
normal or "classical" relaxation time. This may
be easily understood as follows: The classical
transport theory is expected to be valid when
the radius of curvature of the cyclotron orbit
/"c is much larger than the force range of the
scatterer, i.e., in the case of phonon scattering,
the wavelength 2p of phonons which most strong
ly interact with the carriers. Noting that
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where wq is the cyclotron angular frequency, m
the effective mass, n the quantum number of
the Landau state | nkyk„> and the other symbols
have their conventional meaning, and that,
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we may rewrite the condition of validity of the
use of the classical theory as

fiwJkBT < 1

which also ensures the validity of the use of
the classical mechanical treatment because of

the very large values n of the quantum number
involved. Hensel®' measured the line width of

electron cyclotron resonance in silicon in the
mm-wave range at low temperatures and showed
that the phonon limited relaxation time becomes
shorter than that expected from the classical
theory as we approach the quantum condition
hwJkgT:^ 1 in qualitative agreement with Meyer's
prediction which is based on the assumption
that the low temperature line width would be
determined by the transition probability from the
Landau state |n=l, k^0> to |«=0, k>.
The aim of the present work is to theoretically

examine Meyer's model, to find a more rigorous
expression for the cyclotron resonance line width
due to phonon scattering on the basis of quantum
transport theory, and to compare the theoretical
results with experimental data on the line width
of the electron resonance in germanium and
silicon. We have measured the line width as a

function of temperature and resonance frequency,
varying the ratio from 0.2 to 2.1.

§ 2. Theory

In order to obtain the line shape of cyclotron
resonance, we must calculate the conductivity
tensor component OxxM in the presence of the
static magnetic field H=(0,0, H). The response
function 4)xx{l)> or the inverse Fourier transform
of axx(a>), can be evaluated by the diagram
technique developed by Konstantinov and
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Perel'." may be expanded in powers of
the electron-phonon interaction V; every term
corresponds to a Feynman diagram.
We shall take F as a small perturbation and

calculate up to the second order in V.
It is easy to see that the most important con
tribution comes from the following terms which
do not vanish in the zero's approximation:

ar
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Here |a-|-l> represents the state which is dif
ferent from the state 1 a > only in the quantum
number « by unity, ^^llksT and is the
usual matrix element of the current density in
the A-direction with the Landau states as the

basis. G's are found to be approximately
given by

^  (2.2)
\  T(a,a+l)/

Here we have neglected the renormalization of
the electron energy and a small background to
the absorption signal. The last factor in eq.
(2.2) may, from the damping theoretical point
of view, be approximated by an exponential
function exp [—//rCa, a+1)] where

lMa,a+l) = (l/2)(r(a)-hr(a+l)) (2.3)

r(a) = re{a)+rJ,a)
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In the above equations, Nq and f^, denote the
equilibrium occupation numbers of the phonon
and the electron, respectively, and Cg and /„j„(?)
are defined as follows:

Cg=iS(fil2p(o)q,

I e'"'* I .

where p is the density of the crystal and 3 is
the deformation potential constant. r{a) may
be interpreted as the transition probability from

the state | a >, Feia) and ^{a) corresponding,
respectively, to the phonon emission and ab
sorption probabilities.
Using eqs. (2.1) and (2.2), we arrive at the

following expression for the conductivity com
ponent a^xico)

aUco)^—l («»+!)(/.-/»+i)
tn a

to+Ma, a-bl)}~^ ,2_J,
(Uo^ + [/a)-t-{r(a, a-h 1)}"^]^

where is the quantum number n of the state
|a>. Re{<T„i(ty)} is a superposition of homo
geneously broadened signals with the Lorentz
line shape. The width of the line arising from
the photon-induced transition |a>;2|a+l>
is determined by the arithmetic mean of the
phonon-induced transition probabilities from
the two states, in contradistinction to Meyer's
assumption.
We shall calculate the line width explicitly for

the cases of interest.

i) Classical phonons. Nq'^ksTlfiaig^l. In
this case, F^a) reduces to

,  m'/'S'licookBT _ r / , , I \, I"''"
2y\fi'ps' (" + 2)H •

(2.6)

where s is the sound velocity. It is seen that
F(a) is proportional to the density of states
corresponding to the energy £„. Putting eq. (2.6)
into eq. (2.5) and taking its real part, we obtain
an explicit expression for the line shape function

a*(X, rj)= ["'dE 2 (n+l)(E-n,})-'/'
Jo "

{(E+7ir'^'+22(E-n'ri)-'^Y'

{r^[(E+rir^'+2 2{E-n'yi)-'^']}'

X= (m-wo) (kBTr^/^2-'/^7:fi'm-'/'S-'ps'

— {w (Oo) [r(kBT)]ciass

and

rj=tiwolkBT .

It is to be noted that the line shape thus re
duced depends only on the parameter y]. We
have evaluated eq. (2.7) numerically for j?^7.
a*{X,r])la*{0,q)=ll2 gives us the reduced line
width Xhaif, which is related to the true line
width by
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Fig. 1. The ratio of the quantum line width to

the classical one as a function of hcoJksT.

(/la))half = ( l/f(^B^))class-^half •

In Fig. 1 Jfhaif is shown as a function of rj.
The limiting value 1.25 of .SThaif as 37->0 has
been obtained by Fukai et al."

ii) Extreme low temperatures. Nq^O. In this
case, only phonon emission processes are possible.
Moreover, for electrons with \k^\<mslfi, the
transitions \n,k>^\n,k'> are forbidden by
the conservation of energy and momentum.
Thus, the limiting line width when kfT<tm^
is determined by the transition probability | n=
1, 1 n=0, A>, or

_1.7 m'S'm ,
TvT •

When electrons with | | > msjfi contribute much
to the resonance, it can be shown that scattering
which conserves n adds the line width

(±\
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for electrons of energy ms^^s^'^hwo-

§ 3. Experiment
Cyclotron resonance measurements were made

on very pure samples (whose impurity concen
tration is estimated to be smaller than lO'^/cm®)
of germanium and silicon at liquid helium tem
peratures at frequencies of 24 Gc/sec, 50 Gc/sec
and 70 Gc/sec. Carriers were generated by
chopped infrared light. In order to avoid line
broadening due to carrier heating" and carrier-car
rier interaction,®' incident microwave power was
lowered below 0.01 pW and light intensity was
reduced until the line no longer continued to
narrow. For frequencies of 50 Gc/sec and 70
Gc/sec, we employed a superheterodyne detec-
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Fig. 2. Inverse relaxation time (l/2)(Tx~'^+'r//-0
of electrons in germanium and silicon versus
temperature.

tion scheme armed with balanced mixer crystals
to improve the spectrometer sensitivity. For
the K band, a homodyne detection was used.

Figure 2 shows the inverse relaxation times ex
perimentally obtained for germanium and silicon.
The data were taken by applying the static
magnetic field perpendicular to the longer axis
of an electron ellipsoid, corresponding to the
inverse relaxation time (1/2)(tx~^+t//"'). The
inverse relaxation time is defined by

llT={^HlHo){coJl.25),

where Hf, is the resonance field and AH is the
half-width at half power point. The factor 1.25
was noted earlier. We see that the classical

dependence, which is characteristic of intra-
valley acoustic phonon scattering, is well obeyed
at higher temperatures and at lower frequencies.
We note that the deviation from the classical
behavior is remarkable for large values of
hMolksT.

We also measured the line width by applying
the magnetic field parallel to the longer axis of
the electron ellipsoid. This yielded the inverse
relaxation time Combining these results,
we have obtained the anisotropy of the relaxa
tion time which turns out to be independent of
both temperature and frequency. The deforma
tion potential constants®' determined from these
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Fig. 3. Comparison between the reduced line
widths experimentally obtained for germanium
and silicon and the theoretical result (solid

cinve).

data are 5'u=(18.7+0.2) eV, 5'd=—(10.5+0.5)
eV for germanium and £'u=(8.5+0.1) eV, Ei=
— (5.2+0.3) eV for silicon. Since neutral im

purity scattering has been found isotropic,"
the constancy of the anisotropy ensures that our
measured line widths are determined predomi
nantly by acoustic phonon scattering. Thus,
we believe we can ascribe the observed deviation

from the law to the quantum effect inherent
to acoustic phonon scattering.

§4. Comparison with Theory

In Fig. 3 the points represent the reduced line
widths which are obtained by taking the ratio
of the measured line width to that extrapolated
from the classical region. The abscissa represents
the parameter fimolkBT.

The data for germanium and silicon have been
collected together. The solid line is the theore
tical result obtained from the curve in Fig. 1.
We see that the reduced line width can be well

expressed as a function of the single parameter
HwoIIcbT under our experimental conditions. The
good agreement between experiment and theory
confirms the correctness of our model.

In conclusion, we have seen that the cyclotron
resonance line width due to acoustic phonon scat
tering becomes broader in the quantum region
fia>olkBT> 1 as a result of the orbit quantiza
tion and the accompanying increase in the state
density, and that the relative line width will
eventually be independent of the cyclotron
frequency in the low temperature quantum limit.
The width of the line arising from the photon-
induced transition | a> ?: | a-|-l > is given by the
arithmetic mean of the phonon-induced transi
tion probabilities from the two states, in con
tradistinction to Meyer's model.
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DISCUSSION

Stradling, R. A.: I would point out that the assumption of elastic acoustic phonon
scattering breaks down below 10°K and your results are therefore not comparable with
measurements made at higher temperatures, and indeed your values of <r//>/<rx> do not
agree with cyclotron resonance measurements of the same parameter at 77°K.

Ito, R.: With m*=0.2mo, and 5 x 10® cm/sec, the ratio of the phonon energy to the
thermal energy is about 0.3 at 3°K, therefore the elastic scattering approximation partially
breaks down at low temperatures as you point out. It is possible that the relaxation time
anisotropy may be affected by the inelasticity of the scattering, because the effective mass
is highly anisotropic and the elastic scattering approximation does depend on the effective
mass. However, I would like to point out that ionized impurity scattering, which does
not come into our measurements, can significantly affect the relaxation time anisotropy in
those experiments which utilize thermal electrons, since the anisotropy of ionized impurity
scattering is very large. We have estimated that 7^ mixture of ionized impurity scattering
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will be able to raise the anisotropy factor from our value 1.67 to 2.3 in Ge.
Stradling, R. A.: I agree with your remarks about ionized impurity scattering modifying

the scattering anisotropy if the number of ionized sites is large. However, the high tem
perature experiments in both silicon and germanium were performed on ultra-high purity
samples where the concentrations of ionized sites were about 10^ to 10^ smaller than the
concentrations necessary to produce the 7^ admixture you postulate. Furthermore, such
an admixture would drastically modify both the temperature dependence and anisotropy
of the relaxation times at lower temperatures. This was not observed.


