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Starting from a usual hamiltonian in the electron-phonon system, a
canonical transformation is carried out up to the third order of the

coupling constant.

The three-phonon process is the lowest order one

which remains after taking the expectation value over electron distribution.
The effective third-order elastic constant for long wavelength phonons at
high temperatures is found to be identical with that suggested by Hutson

and derived from a semiclassical treatment.

The other three-phonon

processes arising from the strain dependence of the coupling constant
are of less importance than the above-mentioned process.

§1. Introduction

A few years ago, Hutson' suggested that a
three-phonon process via a nonlinear interaction
of acoustic waves with conduction electrons
might be responsible for the establishment of
steady states of amplified waves in piezoelectric
semiconductors in a strong electric field. Later
experiments of ultrasonic harmonic generation®~*
in CdS have shown that the new process at
ultrasonic frequencies predominates over the
usual process due to the anharmonic interaction
in lattice vibrations. The phenomenological
treatments®~® are limited to the case of gl<1
(g: wave number of acoustic waves, /: mean free
path of electrons), so that one could not know
all about the new process. We have therefore
developed in a previous paper® a formalism
based on the semiclassical Boltzmann equation
treatment which can be applied to all values of
gl. It has been shown that the new process,
irrespective of the applied electric field when
ql>1, predominates over the usual process in a
restricted range of wave number in both piezo-
electric and covalent semiconductors.

In this paper we shall develop a quantum
theory of electron-phonon interaction by using
the method of canonical transformation in order
to lay the foundation for the semiclassical treat-
ment which is still phenomenological. We shall
also discuss the other three-phonon processes
arising from the strain dependence of the coupling
constant of electron-phonon interaction.

§2. Canonical Transformation
We start from a usual hamiltonian,

H'=H,/+H, +H; , (2.1a)

H/ = kz ErAi Akys » (2.1b)
»S

H)'= : #02,B, By , (2.1¢)

H/= 3 U@)BiAisqsdistec., (21d)
1,9

where E is the energy of an electron with the
wave vector k, %, is the energy of a phonon
with g, A%, A and B*, B are the creation and
annihiration operators for electrons and phonons,
respectively and s is a spin index. For simplicity,
the polarization index of phonons has been
omitted in (2.1c). The coupling constant U(g)
is given by

U(q)=i(Cle(q))(hq/2 pv,)"* ,
=(4nPelec(q))(#/2 pvg)'/*

for the deformation-potential and piezoelectric
coupling, respectively. Here C is the deforma-
tion-potential constant, 8 the piezoelectric con-
stant, p the density, e the electronic charge, v,
the velocity of sound, and ¢ is the static dielectric
constant. The Coulomb interaction between
electrons has been taken into account by intro-
ducing the wave-number dependent dielectric
constant, ¢(g). In the Debye approximation we
have

(2.2a)
(2.2b)

(D=149"19", q°=3w,"/vo", (2.3)

where o, is the plasma frequency and v, is the
root-mean-square velocity of electrons.

We shall now eliminate H;’ by a canonical
transformation from operators (4, B) to a new
set of operators (a, b) and calculate a new
hamiltonian up to the third order of the coupling
constant. The new hamiltonian is expressed by

P =eSHe ™, (2.4)
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where H represents the hamiltonian which is the
same function of the new operators as H' is of
the old. Besides the transformation (2.4), the
Bogoliubov transformation on phonon operators,

Bq:”qbq‘i‘vq*btq s |”q|2_|vq|2:1 ,  (2.5)

is carried out in order to eliminate terms of pair
creation and annihiration of phonons with
opposite momenta. We then rewrite H in the
form,

H=H,+H,+H,, (2.6a)
H,= kz exai sak s+ 3 fwgbgtby , (2.6b)
»S L'§

H= 3 V(q)bqak+q,san,s+C.C. ,
1S9

V(q)=U(q)ug+U*(q)v, »
H,= kZ (Ex—er)ak,sar,s— 3 fi{wg—q(|u)?
S q

(2.6¢)

+,vQ|2)}b‘1+bq+ 2 ﬁgq(uqvqb—qbq‘i—c.c.) .
9
(2.64d)

where e, fiwg and V(q) are the renormalized
electron energy, phonon energy and coupling
constant, respectively.

If we write the generating function S in (2.4)
as

S=8,+S,, (2.7)

then we have the new hamiltonian,
H =+ A+ HF+H5 ., (2.8a)
SA=H, , (2.8b)
SA=H,+i[S,, Hy] , (2.8¢)

SE=H,+i[Sy, Hi1+i[S,;, Hol—3[S:, [Si, Hill s

(2.84d)
SB=i[S,, H|]+i[S,, H,]—3[S,, [Sz, Hill
—3[S2, [S1, Ho]]—3[S., [S1, Hi]]
—(#/6)[S1, [S1, [S1, Ho]l] - (2.8¢)

Let us determine unknown quantities S;, S,,
<k, fiwq, u, and v, by using the standard procedure
employed in the theory of electron-phonon inter-
action in normal metals” and superconductors.”’
First, S; is determined by S4=0. Then, e
and 7w, are chosen so as to cancel diagonal
terms of ai ars and by*by in 5% in the Hartree
approximation. Similarly, u, and v, can be
determined so as to eliminate terms of b_gbq and
by*bty in 4. Assuming that V(g) is real or
pure imaginary and u, and p, are real, we obtain
ex=Ep+ § [V(@)I* {(ng+1— fiemg)(e—ck—gq—Firg) ™"
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+ (Mg + fitq)(eh—ekrq+Fig) '} (2.9a)
0g"=24"+(2 w0g/B)| V(9)|*

X Es(fk_fk+q)(€k—€k+q+ha)q)-I ,  (2.9b)

[V(9)|*=|U(q)|*2q/ g , (29¢)

where fi=<aksars> and ng={bs*by> are the
distribution functions of electron and phonon,
respectively.  Finally, S, can be determined by
&4=0. It should be noted here that the parts
of 54 and 5% which are diagonal in energy
and hence responsible for the real processes cannot
be eliminated by the canonical transformation.
Thus, the explicit form of the new hamiltonian
is given by

Ho =+ T+ +5,  (2.10a)
Hi= 3 eadians+ 3 fogbyby, (2.10b)
»S q9

A= kz V(q)beaisqsar,s+c.c.,  (2.10¢)
15,4

S"=% 3 {(ex—errqtTivg)”
k,s,9,p
—(ek+p—eketprq+Hing) '}
X[{V(q)V(p)bpbqi's p+q,sak,s+C.c}
+ {(V(@)V*(P)bLpbgtiispq,sax,s+c.C.}]

+3 3 qlV(q)I2(~€lc+q—sk—"'wq)‘1

15,050,
+ +
X (ak-+q,50k, 50\ —q,007,0+C-C.) ,

H=1 2

k,s,p,q,r
X[P{V(P)V(q)V(r)brbpbq@iis pq.+r,sak,s+C.C.}
+O{V(P)V(Q)V*(r)bLrbpboaiis pq+r,sak,s+e.C.}
+R{VX(p)V(@)V(r)brb pbetiics p+-q-4r,50k,s+-C.C.}
+IV*PV(@V*(r)

+ o+ -
X bZrbZpbe@k s pyqr,sar,s+c.C.}]

(2.10d)

(2.10¢€)

P=B{(ck+pr+q—er—Fiwp—Ffiwg) ™"

+(1/3)(ek+p+a— ekspratrtFior) '}
+D{(ek+p+q+r—¢ktr—Hwp—Hing)
+(1/3)(ek—ekrrt+Fior) T}
QEB{(£’¢+P+¢1—5k—7"@1’”%’«1)_1
+(1/3)(ek+p+a—cktpra+r—hor) '}
+D{(ektp+q+r—ekir—hop—Tfiwg) ™
+(1/3)(ek—ekrr—Fir) '}
R=B{(ek+p+q—ek+Fiwp—hwg) ™
+(1/3)(ek+p+g— ekt p+g+r+Fior) '}
+D{(ektp+q+r—ekr+Aivp—hiwg) ™
+(1/3)(er—ersr+Aiw) "},
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J=B{(ck+p+q—er+hiwp—Tfiwg) ™
+(1/3)(ek+p+g—ek+prqtr—hwr) '}
+D{(ek+ptq+r—ektrtfiap—fiag) ™
+(1/3)(ek—ekpr+Fiwr)"}
B=(cktp—ckiprq+Ffing) ' —(ck—ckrq+Ffiwg) ™" ,
D=(ektr—ekigirthing) ™
—(ekyprr—ekiprgrrtiing ™,

where we have neglected terms of the type of
bqa;“_+P+9,sa",Sa:—'1,craA,o' in (2106)

§ 3. Three-Phonon Process

We shall only deal with 57;. As the diagonal
terms of aF:, sars in 573" have been eliminated
by the Bogoliubov transformation, the three-
phonon process is the lowest order one which
remains after taking the expectation value over
electron distribution. In order to compare the
present theory with the semiclassical treatment,
we choose the simplest terms proportional to
b3qgbgbear, sar, s and replace aisak s by its expecta-
tion value fx:

Sw=(N|No)exp (—ex/ksT) ,

N,=2Q2amkgT|h*)** , ex=#k*2m, (3.1)

where m is the effective mass of electrons and
N is the electron concentration. If we make
the approximations,

k»q, k»2my/h, (3.2)

for long wavelength phonons at high temperatures,
we obtain

SAa+a-20)=(N2ks*T*) V(2 9)V*(q)bagbaby -
3.3)
On the other hand, the hamiltonian for the

same process as (3.3) due to the anharmonic
interaction in lattice vibrations® is given by

S (@+a-2a)=3(%2 )% (2 4" 4]2/ 05"/ b3gbabq
(3.4)
in terms of the third-order elastic constant A.

By comparing (3.3) with (3.4) we get an effective
third-order elastic constant,
Aeig=(N/2'/"k"T")(2 p0,/51g)* " V(2 9)V*(q) -
(3.5)
This is identical with that derived from the
semiclassical theory in the case of g/>1 and has
been discussed in detail in the previous paper.®’

So far we have not taken care of the selection
rule due to the dispersion of phonons. However,

N. MIKOSHIBA

it is expected that eq. (3.3) can be applied to
the case where all three phonons belong to the
same polarization branch as long as the lifetime
of phonons is sufficiently short at high tempera-
tures.

§4. Other Three-Phonon Processes

We have neglected so far the strain dependence
of the coupling constant which may lead to the
two-phonon and three-phonon processes. We
shall consider for simplicity the case of deforma-
tion-potential coupling for longitudinal phonons,
neglecting the screening effect. If we write

C=C,+C4+C, 4%, 4.1)

4 being a dilation, then we have extra hamil-
tonians,
Hyp=— 3 Vips qqu—biq)
k,s,p,q
X (bp—blp)aily piq,sans .
Va(pr 9 =Cu(#]2 p)wgop) " °pq . (4.2)
Hy=—i 3 Vi(p, q, r)(bg—bly)(bp—b1y)
k,s,p.q,7

o+
X (br—bZr)k s ptq+r,sk,s »

V(P> 9, 1)=Cy(#]2 p)**(wqwpwr) " *pgr . (4.3}

Thus, we have the other two three-phonon
processes arising from the second order perturba-
tion of H; in (2.6c) and H;,, and from H,.
The hamiltonian for the former process is given
by

SAa-+a—29)=brqgbgb, 3 Fk,q) ,
S

Fk, q)
=V*2q)VaAq, P{Sr(l —fr—2q)/(ek—er—20—2 Fiarg)
+fu(1— fur2q)/(er—ert29+2 Fiwg)}
=2ViPV95 29){ fill— fi—q) (e — ek—q—Fivg)
+fr(1—frrq)/(ck—ek+q+Tiwg)} ,
(4.4)
where we have used notations ¥;(q) and C; in

place of ¥(¢q) and C in H,. Using the ap-
proximations, (3.2) and fx« 1, we obtain

Aley=—6iC,C,N|kzT (4.5)

for this process. On the other hand, the effec-
tive third-order elastic constant due to Hj, is
simply given by

AlL,—6iC,N . (4.6)

These constants, A/, and A!, should be com-
pared with
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Aerf = I.C‘].s]\r/(kBT)2 (4.7)

derived from (3.5). Therefore, if we assume
C,~Cy;~C,, then we have an inequality,

Aose > Abse> Adde » (4.8)

because C,/kzT is much larger than 1 under
ordinary conditions. It is expected that the strain
dependence of the coupling constant does not
contribute seriously to the three-phonon process
even in piezoelectric semiconductors.

The author should express his thanks to Pro-
fessor S. Nakajima, Professor R. Abe, Dr. J.
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