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XI-5. A Nonlinear Theory of Electron-Phonon Interaction

in Semiconductors

N. MIKOSHIBA

Electrotechnical Laboratory, Tanashi, Tokyo, Japan

Starting from a usual hamiltonian in the electron-phonon system, a
canonical transformation is carried out up to the third order of the
coupling constant. The three-phonon process is the lowest order one
which remains after taking the expectation value over electron distribution.
The effective third-order elastic constant for long wavelength phonons at
high temperatures is found to be identical with that suggested by Hutson
and derived from a semiclassical treatment. The other three-phonon
processes arising from the strain dependence of the coupling constant
are of less importance than the above-mentioned process.

ion H,'= 2 EkAt,sAk,s ,
1ago, Hutson'' suggested that a w'-v«nR+R

|. . , -"p — i flSJq-Dq Jjq ,
)rocess via a nonlinear interaction q

§ 1. Introduction

A few years ago, Hutson" suggested that a
three-phonon process via a nonlinear interaction
of acoustic waves with conduction electrons

might be responsible for the establishment of
steady states of amplified waves in piezoelectric
semiconductors in a strong electric field. Later
experiments of ultrasonic harmonic generation®""^'
in CdS have shown that the new process at
ultrasonic frequencies predominates over the
usual process due to the anharmonic interaction
in lattice vibrations. The phenomenological
treatments®""®' are limited to the case of ql<l
{q: wave number of acoustic waves, /: mean free
path of electrons), so that one could not know
all about the new process. We have therefore
developed in a previous paper®' a formalism
based on the semiclassical Boltzmann equation
treatment which can be applied to all values of
ql. It has been shown that the new process,
irrespective of the applied electric field when
ql>l, predominates over the usual process in a
restricted range of wave number in both piezo
electric and covalent semiconductors.

In this paper we shall develop a quantum
theory of electron-phonon interaction by using
the method of canonical transformation in order

to lay the foundation for the semiclassical treat
ment which is still phenomenological. We shall
also discuss the other three-phonon processes
arising from the strain dependence of the coupling
constant of electron-phonon interaction.

§2. Canonical Transformation

We start from a usual hamiltonian,

H'=H.'+H'A-Hi' , (2.1a)

(2.1b)

Hi'= 2 V{q)BqAt+q,,Ak,s+c.c. , (2.1 d)
Ks,q

where Ek is the energy of an electron with the
wave vector k, hQq is the energy of a phonon
with q, A'^, A and B^, B are the creation and
annihiration operators for electrons and phonons,
respectively and j is a spin index. For simplicity,
the polarization index of phonons has been
omitted in (2.1c). The coupling constant U{q)
is given by

U{q)^i(Cle(q)){fiq/2pv.f^' . (2.2a)

= {,AnM^B(q)){ftllpv.qf'' , (2.2b)

for the deformation-potential and piezoelectric
coupling, respectively. Here C is the deforma
tion-potential constant, ̂  the piezoelectric con
stant, p the density, e the electronic charge, v,
the velocity of sound, and e is the static dielectric
constant. The Coulomb interaction between

electrons has been taken into account by intro
ducing the wave-number dependent dielectric
constant, s{q). In the Debye approximation we
have

.  q<,^=^a)/lV(,^ , (2.3)

where cop is the plasma frequency and Vo is the
root-mean-square velocity of electrons.
We shall now eliminate H/ by a canonical

transformation from operators {A, B) to a new

set of operators (a, b) and calculate a new
hamiltonian up to the third order of the coupling
constant. The new hamiltonian is expressed by

,  (2.4)
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■where H represents the hamiltonian which is the
^ame function of the new operators as H' is of
the old. Besides the transformation (2.4), the
Bogoliubov transformation on phonon operators,

hq-—Uqbg-\-Vq b—q , ■ \Vq\'=l , (2.5)

V=13/+(2W«)I^(?)1'

^ ^{fk—fk+q)(£k — ek+q-}-fia)q)
k.S

\V(q)f=^\U(q)\'Qqlo>q ,

(2.9 a)

(2.9 b)

is carried out in order to eliminate terms of pair where fk='(at,sak,sy and Uq—^q^bf): are the
■creation and annihiration of phonons with distribution functions of electron and phonon,
opposite momenta. We then rewrite H in the respectively. Finally, Sq can be determined by
form, c^=0. It should be noted here that the parts

,  (2.6a) of and ^ which are diagonal in energy
^  and hence responsible for the real processes cannot

^o~ 2^ + 2 f'oiqbq bq , (2.6 b) eliminated by the canonical transformation.
IT T TT/„\k „+ „ , ^ ^ Thus, the explicit form of the new hamiltonianHi= V{q)bqak+q,sak,s+c.c. , . . ' ^k,s,q IS given by
V{q)=U(q)Ug+U*{q)Vq , (2.6c) 3^^ lOal^ = (2.10a)

Hq= 2 (Eh—Ek)ak,sqk,s— 2 b{(Oq—Qq(\Uq\
k,s q

~^\t^q^y\bif'bq-\- 2 bQq{UqVqb—qbq-{'C*C,') ,
(2.6 d)

2  2 ^COqbq^bq , (2,10b)
Ks q

2 V(q)bqatA^q^sak,s+c.c, , (2.10 c)
k,s,q

where st, hcoq and V{q) are the renormalized 4^2 {(««• ek+q+hwq)
electron energy, phonon energy and coupling
•constant, respectively.

If we write the generating function S in (2.4)

S=S,+S, , (2.7)

then we have the new hamiltonian,

=  , (2.8 a)

(2.8 b)

+  .Ho] , (2.8 c)

^,^H^+i\S^, .Hi] + i[5o, H„]-i[5i,[5„ H„]] ,
(2.8 d)

^=/[5'o, Hi]+i[5i, [5o, H„]]

-J[5o,[5i,H„]]-i[5i,[5i,Hi]]
-{i/6)[S„[S„[S„ Hq]]] . (2.8e)

Let us determine imknown quantities S^, S^,
^k, fi(i)q, Uq and Vq by using the standard procedure
employed in the theory of electron-phonon inter
action in normal metals" and superconductors."
First, Si is determined by Then, ak
and hwq are chosen so as to cancel diagonal
terms of ak,sak,s and bq'^bq in in the Hartree
approximation. Similarly, w, and Vq can be
determined so as to eliminate terms of b-qbq and
bq^btq in Assuming that V(q) is real or
pure imaginary and Uq and Vq are real, we obtain

I \V(q)f{(nq+l-fk-q)(ek-ek-q-fiwq)-'

— (efc-fp }
X[{V(q) V(p)b^qak+p+q.sqk,s -H c. c}
"b {F(q)V*(p)b—pbqak+p+q,^k,s-|-c.c.}]
+ 4 2 \V(q)\\Ek+q-Ek-1iWq)-^

kqS,x,<T,q

'X.(ak+q,S^k,s^\—q,(T^\,(T'\'^-^') ) (2.1(2.1

2
k,S,P,q,r

0d)

Y-IP {V(p)V(q) V(r)brbpb^k+p+q+r,^k, s+c. c.}
'\'Q{V{p)V(q) V*(r)bt.ibjt>ifik+p+q+T,!flk,s-\- c .c.]
+R{V*(p)V(q)V(r)b^tpb^k+P+q+r,sak,s+c.c.)
+J{V*(p)V(q)V*{r)

X  if*—p^gUfc+p+g+r.sUfc^j-f-C.C.} ] , (2. lOe)

P = B {(^ek+p+q — Bk—HcOp— fio)q)
+ {^l^){sk+p+q— Bk+p+q+r+hwr)

-|-.0 — £&-f r— ficOp ftCOq)

Q ~ J5 ■ Bk' ficop bcoq)
-\-{l/3){sk-\-p+q-~Sk+p+q+r—fia)r)

~h^ {(sfc+p+g-f r — £ft+r—bcDp—flCOt^
H-(1/3)(£&—£&+r—^ft>r)~^} ,

-R=5 {(£fe-}.p-^^—£&"(" 1io)p—
+ (l/3)(£fc+p-|.g —£&4,p4,g+r+^a>r)

-f-.0 {(^£k-^p+q+r — fi fc -j-r-f- ̂ 0)p— ̂ (Oq)

— £k+r-\-fio}r) } *
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J— — £k'^^0}p — ̂COq)

+ ( V3)(efc+/>+9 — £k+p+q+r—fi<l)r) '}

"h-O {(eft+p+g+i £k+i—\-fi(Op— fio)q)

"l~(V3)(£fc — £k+T-\-fKOr) '} ,

J3={^£k+p — £k-\-p+q-\-fi(Oq) —(fifc — £k+q~\-ft(Oq) t

^ = (sft+i £k-\-q + r~]~^Q)q')

(£ft+p-f-r—£fc+/j+9+r-f-^(Wg) »

where we have neglected terms of the type of
b(flk+p+q,^k,sO\-q^^\^^ in (2.10e).

§ 3. Three-Phonon Process

We shall only deal with . As the diagonal
terms of ak,^k,s in have been eliminated
by the Bogoliubov transformation, the three-
phonon process is the lowest order one which
remains after taking the expectation value over
electron distribution. In order to compare the
present theory with the semiclassical treatment,
we choose the simplest terms proportional to

btqbqbqdk^^k.s sod replace afc.jU/t.s by its expecta
tion value fk'-

fk^(NIN,)e\'p{-eklkBT) ,

N,=2(2-n:mkBTIhy/^ , £fc=fiV/2m , (3.1)

where m is the effective mass of electrons and

N is the electron concentration. If we make

the approximations,

k>q , k~»2mvjii , (3.2)

for long wavelength phonons at high temperatures,
we obtain

^,{q+q-^2 q) = (A/2 kp^T') V*(2 q) V\q)b^bqbq .
(3.3)

On the other hand, the hamiltonian for the

same process as (3.3) due to the anharmonic
interaction in lattice vibrations®' is given by

^(q+q-^2 q)=i(i//2 pf'\2 q'AI2''W^')b^qbqbq

in terms of the third-order elastic constant A.

By comparing (3.3) with (3.4) we get an effective
third-order elastic constant,

=(iV/2Vvr)(2pvjhqf''v*(2q)V\q) .

This is identical with that derived from the

semiclassical theory in the case of ql>l and has
been discussed in detail in the previous paper."
So far we have not taken care of the selection

rule due to the dispersion of phonons. However,

it is expected that eq. (3.3) can be applied to
the case where all three phonons belong to the
same polarization branch as long as the lifetime
of phonons is sufficiently short at high tempera
tures.

§4. Other Three-Phonon Processes

We have neglected so far the strain dependence
of the coupling constant which may lead to the
two-phonon and three-phonon processes. We
shall consider for simplicity the case of deforma
tion-potential coupling for longitudinal phonons,
neglecting the screening effect. If we write

C~Ci-\-C2A-\-C^A^ , (4.1)

A being a dilation, then we have extra hamil-
tonians,

2 V2(p, q)(bq~b-Lq)
Ksji.q

X{bp b-p)ak+p+q,s(ik,s •

P' q) = ̂2(^/2 p){a)q(i)p)~^'''pq , (4.2)

Hi2=—I 2 ^3(Ptqif)(bq — b—q)(bp — 6_p)
^fS,p,q,r

x(^r b^r)cik+p-i-q + r,s^k,8 )

9. r)=C2{ni2 pf'\(Oqa)p(0r)~^'^pqr . (4.3)

Thus, we have the other two three-phonon
processes arising from the second order perturba
tion of Hi in (2.6 c) and and from H/j.

The hamiltonian for the former process is given
by

^{q+q-^2q)=b2qbqbq 2 F{k, q) ,
Ks

F(k, q)

= V*{2q)V2{q, q){fk(l-fk-Zq)l(£k-£k-2q-2flcoq)

+f''(^—fl'+2q)l(sk—£k+2q + 2 hmq)}

-2 Vi(q)V2(q,2q){fk(\-fk-q)l(£k-£k-q--hwq)

+fk(^~fk+q)l{£k—£k+q + fla)q)) ,

(4.4)

where we have used notations Vi{q) and Q in
place of V(q) and C in H^. Using the ap
proximations, (3.2) and /fc<l, we obtain

Alft=—(tiCiC^NIkgT (4.5)

for this process. On the other hand, the effec
tive third-order elastic constant due to Hig is
simply given by

These constants, Al^t and A'Jtt, should be com
pared with
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A,tt=iC^'NI(kBTf (4.7)

derived from (3.5). Therefore, if we assume
Cj/^Cs^Ci, then we have an inequality,

■^eff

because CJEbT is much larger than 1 under
ordinary conditions. It is expected that the strain
dependence of the coupling constant does not
contribute seriously to the three-phonon process
even in piezoelectric semiconductors.

The author should express his thanks to Pro
fessor S. Nakajima, Professor R. Abe, Dr. J.
Kondo, Dr. M. Tanaka and Mr. Takehiko
Ishiguro for helpful discussions.
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