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Determination of the Energy Band Parameters

of Bismuth hy Giant Quantum Attenuation

of Soynd Waves*
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Giant quantum attenuation of sound waves was studied in bismuth for
the Faraday configuration using 930 Mc longitudinal wave and magnetic
field up to 100 kg. The observed attenuation peaks were "spike" shaped
and exhibited well difined spin splittings. Cyclotron masses and spin masses
for electrons and holes were determined from the attenuation peaks. The
line shape of giant quantum attenuation peaks was studied for the non-
parabolic energy band model. Non-linear acoustic attenuation and
"transverse magneto-acousto-electric effect" were discussed.

§ 1. Introduction

Giant quantum attenuation (GQA) for longi
tudinal sound waves was first predicted by
Gurevich et al.^\ Later Quinn^' investigated this
phenomenon using quantum mechanical transport
theory and arrived at essentially the same results.
In GQA the electrons (or holes), which have
their velocity equal to the sound velocity, absorb
phonons at specific values of the applied magnetic
field for which these particular groups of elec
trons occupy energy states within kT of the
Fermi energy. The resultant attenuation of the
sound wave appears in the form of sharp peaks
which are periodic in l/LTo. This period is
usually very close to that of the de Haas-van
Alphen oscillations.
The condition for observing well-defined Jn—0

GQA peaks, first given by Gurevich et al.^' is

where ̂  is the wave vector of the sound wave;
Ip is the mean free path of carriers at Fermi
surface; ojc is the cyclotron frequency of carriers;
and sp is the Fermi energy.
Such GQA was first observed experimentally

in zinc by Korolyuk et al.^\ Shapira et al.*^
have made a detailed study of GQA in gallium.

* Work supported in part by the U. S. Office
of Naval Research and the Advanced Research

Projects Agency.

A preliminary observation of this phenomenon
in bismuth was reported by Korolyuk,®' Toxen
et al.^^ studied GQA in bismuth with nearly
perpendicular to the direction of the sound wave
propagation. These earlier studies were, however,
limited to fields under 17 kG. In the present
work, we have carried out GQA experiments in
bismuth for the Faraday configuration (LTo \ \q),
using fields up to 100 kG as a tool for studying
the Fermi surface of electrons and holes.

§ 2. Experimental

The higher the frequency of the sound wave
and the greater the mean free path of the car
riers, the easier it is to satisfy the condition for
observing GQA (eq. (1)). Thus most of the ex
periments were carried out at 930 Mc. The re
sistivity ratio p(300°K)/p(4.2°K) of the bismuth
single crystal used in this experiment is about
500, and qlp is estimated to be as high as 200
at 930 Mc. The condition for observing Jn=0
GQA was therefore easily satisfied at a few kG
for light carriers. To satisfy this condition for
heavy carriers, the measurements were carried
out at fields up to 100 kG. The experimental
apparatus and sample preparation are described
in the paper of magneto-acoustic geometric re
sonance in bismuth."

§ 3. Results and Discussions

Typical attenuation curves vs. magnetic field
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are shown in Figs. 1, 2 and 3 for and q
along a binary, a bisectrix and the trigonal axes,
respectively. From these data we are able to
derive following information:
A) accurate estimates of the cross-sectional

areas of Fermi surface (from the periods)
B) ratios of the spin masses to the cyclotron

masses (from spin splittings)

(a)
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C) some information of the energy band
model (from the line shape)
D) motions of the Fermi level as a function

of magnetic field (from the peaks at high field)
E) The existence of non-linear effect in the

attenuation constant (from the relative height
of the attenuation peaks)
These subjects will be discussed in the following
sections.

A. Period

It is possible to determine l/Z/o periods very
accurately from the GQA attenuation curves.
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Fig. 1. Magnetic field dependence of the acoustic
attenuation with magnetic field and sound wave
propagation along a binary axis. 50
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Fig. 3. Magnetic field dependence of the acoustic
attenuation with magnetic field and sound wave
propagation along the trigonal axis.
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Fig. 2. Magnetic field dependence of the acoustic
attenuation with magnetic field and sound wave
propagation along a bisectrix axis.

Table I. Periods of GQA compared with dHvA
periods obtained by previous workers.

Periods xlO-s gauss-'
Ho Brandt"'

Present Work Schoenbergi'

(Electrons)

Binary 0.53+0.05

7.15±0.01

Bisectrix 8.45+0.05

Trigonal 1.2 +0.2

(Holes)

Six) 0.5 ±0.05 0.41
Trigonal 1.62+0.01 1.6

A) D. Schoenberg: Phil. Trans A 245 (1952) 1.
See ref. 15).
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because the attenuation peaks are spike shaped.
The I/TTq plots of the peak positions vs. Landau
number for the low field data exhibit accurate

linear relations.

The main peaks for along a binary and a
bisectrix axes are due to electron ellipsoids
(Figs. 1(a) and 2(a)). They are found to have
periods d(l/.H(i)=(7.15±0.01)x 10"®gauss~^ and
d(l/Tfo)=(8.45±0.05)x 10"®gauss"' respectively.
The attenuation peaks corresponding to the hole
ellipsoid were not observed in the low field
region for these two configurations.
The main peaks appearing for along the

trigonal axis are due to the hole ellipsoid.
(Fig. 3 (a)). The period for this series of attenua
tion peaks is/l(l/Tfo) = (l-62±0.01)x 10"®gauss"'.
A weak beat signal appears superposed on the
main peaks in the low field region and becomes
distinct above 10 kG. These were assigned to
the electron peaks with spin splitting. From
these assignments we obtain the value for the
period J(l/jfiro)=(1.2±0.2)x 10~® gauss"' for the
electron ellipsoids.
We believe that those values for the periods

with the exception of the electron period for the
trigonal axis are the most accurate values ob
tained so far. They are compared in Table I
with the data of previous workers.

B. Spin splittings
Spin splittings in bismuth have been observed

in magnetothermal oscillations,®' the de Haas-
van Alphen effect" and Shubnikov-de Haas
effect.'" If we include a "spin" term in the
energy expression for the non-parabolic model,'"
the magnetic field strength where GQA peaks
appear is given by the following relations.

Sf(1+Sf/eff)=fia)c(n -1- ̂ o) -|-

p=l/2(l±d),

... 9s 1m,=2molg,
dPz k.,

where e, is the energy gap, v, is the sound
velocity, is the longitudinal mass, is the
cyclotron mass and m, is the spin mass of the
carriers respectively. When the spin mass is
fairly close to the cyclotron mass (d—•!) or
when spin mass is fairly large compared with
the cyclotron mass (d~0), the attenuation peaks
would exhibit splittings relatively small com
pared with the separation between the peaks
(Fig. 1(a) or Fig. 2(a)). These two cases (J~l
and J~0), however, can be distinguished by

the phase (p of the series of the peaks, which
can be obtained from the plots of the
peaks vs. Landau number. The values of d
obtained are 1.10, 1.11 and 0.7 for the electron

ellipsoids for along a binary, a bisectrix and
the trigonal axes respectively. No spin splitting
was observed for the hole attenuation peaks in
the low field region.
The absolute values of spin masses and cyclo

tron masses can be calculated from l/Lfj periods
and the values of J, providing the value for
er and £„ are known. We will come back to
this point later.

C. Line shape
If one neglects the collisional broadening of

Landau levels, the line shape depends only on
the functional form of s(Ho, P^). For a parabolic
energy band model, the line shape is given by

r=r.^ co.h-{ho)c(n -|-1 /2)—ey)

And the width SH of the peaks at half height
is given by®'

8HIH=3.53kTPI^, (4)

where P is the period of peaks and fi=ehlmcC.
However, if we assume a non-parabolic energy
band model;

£( 1 + s/sg) — iia)c{n-i-<p)-^Pj^/2 ntg

mc(0)c '
/M„(0) = mdsp)

l-f-Zsy/Sj,

(where niQ{0) and are the cyclotron masses
of carriers at the bottom of the band and at

the Fermi surface respectively), the line shape
becomes

r=r„^cosh"®
.,|-{(4^H/£,(«+y)+l)'/®-l}£„/2-e^j^

And the width is given by

8HIH=3.53kTV(P(WWi^WIF) . ( 7 )

where

§—ehlmc{0)c .

We calculate mciep) from eqs. (4) and (7) for the
electron peaks with H,, parallel to the bisectrix
axis (Fig. 2 (a)). The 8HJHg is estimated to be
approximately 2.5x10"®. The value of ob
tained from eq.(4) is mc(ep)lmo=0.009. On the
other hand, eq. (7) yields a value m^(sF)lmo=
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0.010. We have assumed here £^.=27.6 meV"'
and £,= 15.3 meV^^'. The value for mdm^ ob
tained directly from cyclotron resonance ex
periments"'"' is 0.009. We can not yet draw
any definite conclusion from this evaluation
about which model should be taken for bismuth,

because this estimate of dHJHg can include a
rather large error. However, a more careful
analysis of the line shape may provide us with
a powerful tool for studying the energy band
model.

D. Analysis of high field data
Figures 1 (b), 2 (b) and 3 (b) are the typical

high field data of the attenuation vs. magnetic
field with jffo and q parallel to a binary, a
bisectrix and the trigonal axes respectively. The
attenuation peaks corresponding to the hole
ellipsoid and the electron ellipsoids which have
large cyclotron masses are the main points of
interest in this region.
The main attenuation peaks for H„ and q

parallel to a binary axis and a bisectrix axis (Fig.
1(b), Fig. 2(b)) correspond to the hole ellipsoid
and exhibit paring due to spin splitting. These
peaks are found to have a period of 0.5xl0~®
gauss"^ for both directions, which is larger than
the value 0.41 x 10"^ gauss"' obtained by Brandt'^'
from low field de Haas-van Alphen experiments.
This discrepancy can be explained by the gradual
decrease of the Fermi level with increasing field
in these directions, which was observed by Smith
et al. The weak peaks, marked by arrows in
Fig. 1 (b) are attributed to the electron ellipsoid
whose major axis is in the binary plane. This
period is estimated to be 0.53 x 10"^ gauss"' which
agrees with that of the weak oscillations appear
ing in 10 kG region for the same configuration.
For Ho and q parallel to the trigonal axis the

positions and shapes of the attenuation peaks
are very complicated (Fig. 3 (b)). (The flatten
ing of the attenuation peaks at 40 kG and at
90 kG is due to the logarithmic scale of the
attenuation measurements and manifests itself

when the attenuation exceeds 20 db.) The com

plication is mainly due to the fact that the
period of the electron ellipsoids is close to that
of the hole ellipsoid. The spin splitting of the
electron attenuation peaks provides an additional
complication.

The main peaks were observed at 25 kG,
41 kG and at 90 kG (Fig. 3 (b)). However, the
extrapolation of low field data for parallel
to the trigonal axis predicts peak positions at

(4-K, I3-) VV
1  1 I 1——I 1 I I L_

0  10 20 30 40 50 60 70 80 90 100

KG

Fig. 4. Magnetic field dependence of the electron
Landau levels and hole Landau levels. Solid

lines represent electron levels and broken lines
represent hole levels. Numerical values are taken
from the data of Smith et al.^'>i

25 kG, 42 kG and 130 kG. This indicates an

increase of the Fermi level with increasing
magnetic field. The other minor peaks are
attributed tentatively to the spin split electron
peaks. To understand the positions of electron
attenuation peaks we plot in Fig. 4 the Landau
levels of electrons and holes as a function of

magnetic field using the mass parameters of
Smith et ald°\ Electron Landau levels are not

linear because of non-parabolicity of the bands.
If we use the magnetic field dependence of the
Fermi level from Smith et alf^ the hole peaks
are expected to appear at 40 kG and at 82 kG
which do not agree with the present data.
However, if we assume that the Fermi energy
at zero field is 26.6 meV which is 1 meV lower

than the values used by Smith et al., the ex
pected values of the field strength for the hole
peaks coincide with experimentally observed
values. Similarly the electron attenuation peaks
for Ho along the trigonal axis are predicted at
34, 44, 56 and 92 kG. The peaks were experi
mentally observed at 35, 44, 63 and 80 kG. Thus
the analysis is not yet perfect for this configura
tion. The energy level of electrons for the field
along trigonal axis is still open to future study.

It is of interest to note in Fig. 4 that the
electron (2-) level and the hole (2-) level cross

the Fermi level almost simultaneously at 90 kG.
Although these coincidences are accidental, they
may partially account for the extremely large
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Table II. Cyclotron masses and spin masses.

.131(.128)
(.36)

Ho mass electron

Binary nic .0101(.0097)*
m. .0092(.0091)

Bisectrix mc .0086(.0084)
ms .0077(.0079)

Trigonal mo .060 (.065)
m. .10 (.11)

.017(.0168)

.016(.0158)

.19 ( .21)

.5 (1.5)

.19 ( .21)

.5 (1.5)

.06I(.064)
(.033)

* The values in the parenthesis are taken from ref. 10).

attenuations at 40 kG and 90 kG with along
the trigonal axis.

Finally, values for cyclotron masses and spin
masses were calculated from the periods of the
peaks and the spin splittings assuming 26.6 meV
for the value of the Fermi energy and 15.3 meV
for the energy gap.^^' These values are com
pared with the data of Smith et in Table II.
The agreements are reasonably good except for
the spin masses of the hole for along a
binary and a bisectrix axes. The large dis
crepancy of these spin masses may perhaps be
explained by a misorientation of the crystal of
about 0.5 degree.

E. Non-linear effects

For and q along a bisectrix axis, only one
set of attenuation peaks is observed correspond
ing to the ellipsoid whose longest axis is in the
bisectrix-trigonal plane. The absence of the
attenuation peaks for the two other equivalent
electron ellipsoids is attributed to a non-linearity
of the attenuation caused by the building up of
a transverse magneto-acousto electric field."'
This TMA electric field is set up by the lateral
translation of the centers of the orbits of the

electrons in ellipsoids whose axes are tilted from
the direction of the applied magnetic field. The
TMA electric field, which has not been taken

into account in the usual theory of giant quan
tum attenuation, causes tilting of the Fermi level
and, thereby, a decrease in the ratio of phonon
absorption to the phonon emission."' The TMA
field and the corresponding acoustic attenuation
constant are respectively given by

^TrN/cHqV -

'l+llff
p  fo
~l+j8

where Eg is the critical field for the sound wave
amplification, Fo is the attenuation constant in
the absence of the TMA field. The non-linear

constant ̂  is given by

where N is the phonon flux, q is the phonon
wave number, is the phonon absorption rate
constant, t is the decay time-constant of the
TMA field and f(a) is a function of mass
anisotropy. Under the conditions of our ex
periment jS is estimated to be greater than unity
so that Direct measurements of the

Etma are now being carried out for various
coufigurations of q and Hq.
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