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HEISENBERG MODEL WITH EASY-PLANE ANISOTROPY
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Results of a classical Monte Carlo study of certain two-
dimensional,nearest-neighbor Heisenberg model magnets are-
presented. An example with 1? easy-plane anisotropy is
described i-n detail. Here there is evidence for a Kosterlitz-
Thouless-1ike topological phase transition at temperature T=T,,
*iah r';; i zlti*.(prinar limit) . A specific h;;;-;;;;air-xr
occureb'-at T. )'^Tga. In-plane spin-component correlations decay
exponentialli for T 7 Tu^ and as a power law for T I Tu*,whereas
out-of-plane correlatioii3 appear exponentially for all'tt but,
interesting,with anomalies around both T*, and -Ts.
1. Introduction

We have undertaken [1,2) a numerical(Monte Carlo) study of a
range of two-dimensional(2-d) ferromagnetj-c and anti-ferromagnetj-c
classical Hei-senberg models. A variety of spin anisotropies
are being examined:isotropic II],uniaxial,XY with (e.g.crystaI field
) symmetry-breaking fields in the (*y) easy-plane. The primary
motivation of this work is not to study phase transitions(e.9.
crj-tical exponents) in great detail-. Other techniques such as
RG Monte Carlo[3] can then be much more appropriate. Rather we
wish to understand the types of, and competitions between,strongly
nonlinear spin excitations (e.g.vortices,domains) . The variety
and thermodynamic consequences of such excitations are much great-
er in 2-d than I-d,but the range(in temperature,for example) of
essentialLy 2-d fluctuations can still be much greater than in 3-d.
This program of study is now especially appropriate in view of the
renewed theoretical appreciation of strongly nonlinear phenomena,
coupled with a new experimental emphasis on studying 2-d materials
as well as re-assessments of existing examples---e.g.planar
magnets (KrCuFr,RbrCrCLr,---) ;magnetic lipid layers prepared by the
Langmuir-61odfrett'techfrique [4] ;magnetic epitaxial systems (e.g. oZ
on a non-magnetic substrate);layered compounds with magnetic in--
tercalates(e.9.graphite with transition metal Chlorides[5]or tran-
sition metal Dichalcogenides t6l ) . The greater body of our work
is still in progress and will be described elsewhere. Here we
focus on one specific case[2] motivated by the recent interest[7]
in KrCuFr, a planar ferromagnetic with only approximately 18 easy-

-zt.p1an6 spin anisotropy. The apparent absence of symmetry-
breaking in the easy-plane[7] and the weak magnetic coupling bet-
ween planes(J 77 /JL-L0') leads one to anticipate a reasonable re-
gime of predominantly 2-d fl-uctuations around the ultimately 3-d
transition temperature. Furthermore,the general phenomena
ascribed to bound and unbound vortex configurations (referred to
below as Kosterl-itz-Thoutess (XfJ-Eneory tBl ) can be anticipated.
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(to be contrasted with the isotropic limit[1,3].) Our results
are consistent with the growing experimentaL data on K"CuF, as
described by Hirakawa[7] even though S=L/2 and quantum'effEcts
are not yet included. In addition we are able to study out-of-
plane fluctuations and find indications of unexpected structure.
In formation on the out-of-plane behavior should be increasing
probed,for example as a means of studying vortex dynamics[8].

2 . Results

The Hamiltonian we studied is
*P =-t F rsTsT +sYsY + x"s?sz'

,"=f i;:,fu=' h]' "":i: J.l:i;iil,' exchanse ""ill"*., dr= ( ?1, s{, s i r
and 0J7[<I. We have studied several values of L fut wiit I
consider here n =0.99,having in mind K.CuF ^171. Recatl that
the planar limit(7\=0) is now well-und6rst8od by KT theorytgl.
MC simulations[10,]11 have supported this picture and suggest T*,
( 7.=0)10.9 'J with an additional specific heat"maximum" at
To & (I.0-1.05)J. Universality suggests that we should have
tlie same critical exponents for spin fluctuations in the easy-
plane(xy) for all n in [1], with the same universal jump inn,etc.
Of course scales (as for the spin-wave- theory) depend on 1 , but
indeed vortices can occur for all V < L with cores much is for7.=g
(contraEE-ThE-Tnstantons in n =I t1]) . _.,gfee energy estimates
then show that Tr.*(a) ^ T".,n(0)/Ln(I-1) -'' Ln agreement with RG
treatments. "-Thus Tr..T'^ ) , 0 very slow1y as L+L, the
isotropic Heisenberg limtt, and even for 2=0.99 we expect a sub-
stantial transitj-on temperature. In fact we find T,,_(0.99)=
(0.60-0.65)J which is in fair accord with the incipient'2-d KT
transition temperature(mitigated by 3-d ordering) as iriterpreted
l7l in KrCuFr. {e have used a conventional MC algorithm[l,2j
with typicatly 6xI0- steps,random initial spin configurations, and
periodic boundary conditions on 10x10,20x20,30x30 and 40x40 square
lattices. Fig.I shows specific heat (C-_) results. Note the
near extensive behavior and the evidence fdr a specific heat maxi-
mum at T. (0.99) = (0.65-0.70) J. - 2/3T-(0) (above) . This shorrky-
l-ike anofraly is less sharp than in Ehe planar l-imit(n=0) since
out-of-plane fluctuatj-ons are easier. As expectedrthe mean
energy was also found to be extensive with no indication of a
phase transition. To estimate the critical temperature T,,_(
0.99) we have studied(i) the size-dependence of 1\t'7 /A (N td the
number of spins) and the susceptibitity ?( =(k_TN) 

-'( < Mz> - <M>")
and (ii) power-Iaw and exponential fits tovarlous spin-spin corre-
lation functions. The susceptibility shoul-d be extensive for
T > T*r(above discussion),but N-dependent for T T*, with t10l

k"tX= <M2> /N"gNL-L/2?(r), e)
where we have assumed (,ttl 2=9. Results for the exponent a(T)=
L-L/27$) deduced from 12) arershowq in Fig.2. Fig.: illustr-
ates structure observed in <M:> (i.e. out-of-plane component) in
the critical region. The stfucture is reminiscent of that in
C-- but we have not yet been able to assign a maximum in the range
OYe < T < 0.7:our best estimate of Tr..(0:99) is o.62-0.63(below).
We have made power-Iaw and eSpqnentiAl.-t-!ts to the_spatial decayof spi-n-spin correlations <3"3-> , <sXsI) and < s7s1> l2l. As
expected the in-p1ane critical fluctuaEidns are coilsistent with
power-1awdecayforT(T',-andexponentia1forT>
TKT (0.99) = (0.62-0.63) J. ^'we have used the T ( T^t datA as an
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alternative way to estimate a (T) (see above) and the results are
shown in Fig.2. our finite system resurts tend to under-
estimate a(T ( Tr..) as in the planar limittl0l. The out-of-plane correratioii3 contain interesting reg information. ourfits imply an exponentiar decay of < sisl> correl-ations for T )Tr.* and (Tr.r. rn addition we find Evtdence for two anomaliesat'-T.- and ifi the neighborhood of T-: see,for example,the cor-retatioB lengths (extracted from besE exponentiar tits' ror (3-3r.,)
and ( s;s:> ) plotted as functions of r. This unusuat beHavror
probablf rejects intrinsic crossovers but we are cheking for arti-ficial numerical biases. ( in Fig.4 ).fn summary,our results indicate a KT type transition in theclassical- Heisenberg moder with easy-plane inisotropy. Thecritical temperature is T-- E 2/3 the planar limit varue even withonly l8 anisotropy. rff'addition we find a broad specific heat
anomary at r. - l-.lTu,n. o-ut-of-plane correlationL de'cay e*p-ponentiatly lor T 2T-|'and T < t,,- ana are sensitive to nottr r
and T-. More det5its of our Sdntinuing studies of the easy5Tplanesand other models will be publi-shed l-ater.
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Fig.I Specif ic heat -Crrr 99mqu_t9d. as . (2/krr1 2 {t<",zll) t1t27 - 1nf L

30x30 (X) and 40x40 (o) lattices? r

Eig.2 Exponent a(T) (see text) computed from in-pJ-ane correlation
functions (X) and susceptibility (t). The dashed line (--
-) is spin-wave theory.

Fig.3 Mean square out-of-plane magnetization ( Ni) tN for 40x40
lattice. The corresponding susceptibility fs described in
the text.

Fig.4 Correlalign lengthr I tin tarrice spacings) to.<3^i-> ( X)
and (, S;S:> deduced'from best exponentiat fits. L' rI-
The errbr"indicate fitting uncertainties and are not
estimates of intrinsic MC uncertainties. The solid and
dashed lines are guides to the eye.
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