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I}IE BCIJNDARY BEIWEB{ TIIE SP]N-G,ASS AND FERROIVIAG$ETIC STATES

OF TIIE BOM-MNDOM ISNG }4ODM,

S. Katsura, T. fntaizuni, and T. Suenaga

Deparhnent of Applied Physics, Tohoku University
Sendai 980, JaPan

The bond-ranCom (lI) Ising npdel in the several lattices is
considered in the cluster approxirnation. The bo:ndarlz betueen
the ferrcnngmetic and spin-g1ass states at FOr q., is obtahed
as the transition point from the aslznnetric distr"r5ution of tte
effective fields to the slznnetric distribution by solvilg tle
integral equation for the distrjJrution function.

1. Introduction

We c.onsider the spin-glass(SG) state in the bord-random (+J) Ising nodel.
The statisticat nechanics of ttle spin-glass jl the bond-random Ising nrilel is
formulated i-rr terms of the distrijoution fi:nction of tlre effective fields, and

the integral equation of it is derivedll,2] in the pair (Bethe) approxi:ration.
the bourrctary betlveen the paramagnetic (P) state and the spir-glass states, and

*16t bet\,ree., tfre paranagnetic and ferrcrnagrretic (F) states were obtained in the
pair and cluster approxirnations for several lattices t3-51. In the present
paper, the integral eguation for tlre distribution function of the effectirire
fields in tlre cactus approxirnation is derived and solved e<actly at F0.
The solutions include the P, SG, and F states. Ttre bond concentrations of the
transition point frcrn the SG to F states is obtaired as tLle point of junctions
of tle slznnetric and aslznnetric distributions.

2. Integral equation for the dlstrjJcution function of tlre effective fields il
tfrc cactus approxirration

We approxirnate tlte lattice by an appropriate cactus lattice conposed of
cl-usters (p.ir, triangle, sqpare, tetratr6arlnr etc.), z. of wtrich(ijke ...,ij'k'
!,, -..,ii"k'Z,j-..., ...) -.r" .orr..ted,at each vertex. fre density nntrices of
tf,e #.L* p(r) (o.) ard that of ttre cluster \kL"' are given by

p(l)(o.) = +ton{l)orl (t)

o(t) {o,o' oyt62,...) = o<r(x,1yffiuvouov+ ruBH(c)ou)

n11) i" the effective field at the site i contrjJcuted frqqr,all clusters conne-
.t a ,t the site i. H.(c) (vrtiich should be written as H*\!1, ) is the effect-
ive field at tJrc si-te Llcontributed from the outside of titr'6fiister ijM'"
I runs over a1t the crcnnected bonds of the cluster \kL" ' , and I,, runs
oS& aff the,vertices of the cluster. We postutate the reducibilityntri ;v?...
6(q) " = 6lr/.,rdenotes the norrnalization. Tlg,postutate Lpl-ds rigorou5lf-for
tlJ%i3t"s iltti." considered here. *jn...p\'/ {o,o,ok.. ) is a linear
function of o. and has a form

I

r o(t) to,o'ok...) = Ai *pttgHl") * Bhijxz...)orJ (3)
ojok''

where

(2)

I l3
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nrjoZ... = (L/29)lntf (I)/f (-t)l
f (o., ) = r,, ,, ew t-Bujc) oi) o 

(t) (oi,oj ,oo. . . )r u.uk...

(4)

(s)

hiit Z-... is the^effective field at tlre site i contributed frcrn tte jlside oftne'eluster r1W"' . Since

l_i" lrl rurs for all vqtlcesof clusters ij'k,L, ..., i j'k,U,,..., ercepti,arn'.uv ... Il ,., rurs fcr all- cprurected bords in these clustss. rn urrifrims-lates sLEh as P, F, and SG state, rae regard the distribution of the efftctirrefields i-s irdependent of t].e site. Then t],e subscript of G is drotr4red.Sirce there II can be gror,ped in separate clusters, ro'urier tmnsfcrm can beused and we harre an integral equation.

'11h... = n joe...*nrj ,k,L,...+hij,,knln...+... = rj;L...*hij,"e... (6)

we have recurrence retration for the distribution firncrion crtH{.)) of HI;L...
ctlH{t)) = / 6tnlt)- hii,L,2,...-hij tk,L,...-...)

' 'rrn 
(Jry)ffpv u;c, tnjt),*,1t'

c(HIc) ) = */ dk exp(ikHj.) I rr(k)lzc
s (k) = / expl-ixhij tkt Lt .. . ) Iluvp(Jpr)ff1]r[1rc(HJc) laHjc)

p in II', rurs on the rrertlces of the cl-uster ij'k'z'... e:cept i, ard w inltuv rurs on the crcnnected bonds in ttre cluster.
We assttrrE ttr;tt ttle distrjJcution of the single cluster effective fields assuperlrcsition of delta fi:nctions, i.e.,
S(k) = Irrurr"p(-inJk)

Substituting (11) into (9) we have

c tnjt) ) = r*a*6 tHlt) -r,,rl

irr the linlit T.>0. Inserting (11) into (.9) we have new S(k) as

S(k) = I_U'-e>p(-inJk)n'n

(7)

(8)

(e)

(10)

(n)

(L2)

ur., is.expressed in terms of a- and a_- in terns of I-. Hence we have algebraic
.i":Ii""" o5 un The valuesmwhicr, Eati=iy tr*;; ISiation give tlre sorurion
9I + integral- equation. Tfp,,sotutions are classified in ttre following t1pes.Single peaked 6-fi:nction at H]-/= 0 describes the p state. Asltmretric soiution
&scrj-bes tlre F state. Syrrdtric solution with wioth describes the sG state.the tralue of ttre concentration of the ferrornagnetic bond rai|1ere the aslznnetric
solution begins to appear, and connects to the slznnetric sorution, pln-c, is the
phase bor.:ndary between the F and SG states.

3. Square l-attice in the square cluster appncxination

We mnsider a square cactus lattice ofz^=2 qjan approxjrnation of the
squa.re lattice. For z"=2, l.rr. is equal to + sufstilution of

P(q,.J = p6(J,..,-J)+(r-p) 6(J. ..+J)uv uv - uv
ard

)s(k) = Li,-z aa e>P(-i'ZJk)

il4
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(p is the concentration of ttre ferrornagnetic bonds) into the integral equation
(9) ard (10) we have

L rarery F inJ k)= r*rs,oo u*.r,.q p 
( 4 +PiQ+R{-s ) / 2 g-v) @ -P Q-R-s) / 2

x exp[-i (rr*n*o (l)-rn*qpens FL))\J/2) (13)

where the surrent indices rTlrrrrg ru:r from -2 Eo 2, and those of PrQrRrS run I
and -1, ard

'*qne*"(ot) = *orooor(eotor+Qo-'ok+Rokoz+sozoi+moj+no4toL) (14)

Frcrn the sarre por^rers of rhs and lhs of (I4) we have 5 equatj-ons.
Introducing 4 variabl-es

z= (a _r+a r) / 2, y @ _r+ar) / 2, v= (a _r-a r) / 2, ve (a _r-ar) / 2

instead of a- (v and w rreasure the asynnetry of the distribution) , we trave
4 equations." Ttrey are soh,ned as a firnction of x = p-L/2, and give relevant
solutions:l) P state. an=l in ttle wtrole region of x. 2) SGt state. V=0,
t,r=0, 1=0. 3) SG2 state.- v=0, ta=O, f0. 4) F1 state. V0, w=0, 1e0,
0.335<x< 0.5. 5) F2 state. vfo, dO, ylO, 0.327 <x< 0.375. The value of
z,y,vtw are stpvn in Fig. I. SGl afll FI connect at po..,=0.835. SG2 and F2
connecL at pr.r=0.827. Such features are sirnilar as iil-the pa.ir approximation
t6l. DetailE- will be published in [7].

HsGr'*scz o'l

fi9'.1 The distribrtion function of the effective fields for the square lattice
il the sguare cactus approximation as a function of the concentration. x =

VL/2. c(H(4) ) = z2*_ra*O{u(4)-m:) . tre ordimte, z,y,v,w are given in (15)'

(1s)
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----,Tl a sirnil-ar !tsyv/e so1_rred the integral equations for the distributionrunctlons ot trle effective fields in several lattices at T=0 and calculated thevalues po.. The resul-ts are shorr in Table r. rhese values of p-^ at r=0tosetter'Fith the vatues of the rricrirical poinr ;_ i;r;;;;iii 5EG.t" n_,ard P-sG boundaries) already obrtained t:-sl irerp *tto-""tiorte the phaseboundaries for finite tenpeiatr:res. the disculsions on sGt ard sG2 are givenin [6,8].

I"Prg 1 Boundarlz between the ferrcrnagrnetic and spj-n grass states p-^ and p..( ) derrotes ttre nunber of 6-firnctions in tre distiih;i; "i-"irtr[F8r"=t"It'field at I=0.

Iattice Approxirnatior pfCl pf,C2 pt

He<agonal
Square

KagonE
I?iangrular

pair z=3
pair z=4
sq cactus
tr cactus
tr cactus

0.87s0 (3)
0.8333 (2)
0.83s (3)
0.8s4 (3 )
0.7 66 (3 )

0.820s (3)
0.827 (s)
0.8s0 (s)
0.76L (5)

0.85355
0.78869
0.8 0145
0.82949
0.7346

z=2
,Z=z
zc=3
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