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THE BOUNDARY BETWEEN THE SPIN-GLASS AND FERROMAGNETIC STATES
OF THE BOND-RANDOM ISING MODEL
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The bond-random (+J) Ising model in the several lattices is
considered in the cluster approximation. The boundary between
the ferromagnetic and spin-glass states at T=0, , 1s obtained
as the transition point from the asymmetric distribution of the
effective fields to the symmetric distribution by solving the
integral equation for the distribution function.

1. Introduction

We consider the spin-glass (SG) state in the bord-random (+J) Ising model.
The statistical mechanics of the spin-glass in the bond-random Ising model is
formulated in terms of the distribution function of the effective fields, and
the integral equation of it is derived[l,2] in the pair (Bethe) approximation.
The boundary between the paramagnetic (P) state and the spin-glass states, and
that between the paramagnetic and ferromagnetic (F) states were obtained in the
pair and cluster approximations for several lattices [3-5]. In the present
paper, the integral equation for the distribution function of the effective
fields in the cactus approximation is derived and solved exactly at T=0.
The solutions include the P, SG, and F states. The bond concentrations of the
transition point from the SG to F states is obtained as the point of junctions
of the symmetric and asymmetric distributions.

2. Integral equation for the distribution function of the effective fields in
the cactus approximation

We approximate the lattice by an appropriate cactus lattice composed of
clusters (pair, triangle, square, tetrahedron, etc.), z. of which(ikf...,ij'k"

£ .. .,ij"k"ﬂ"I. ., ...) are conrected:at each vertex. 'Ige density matrices of
the vertex p( )(oi) ard that of the cluster ijkf... are given by
1 1
p( )(0.), = exp(BH-( )6-) (1)
1 1. 1
(c) _ (c)
o} (oi,oj 10y 10pres ) = eXp(ZU\)BJU\)OUOV + ZUBHU Gu) (2)
H.(l) is the effective field at the site i contributed fr?@) all clusters conne-
cted at the site i. H{C) (which should be written as H, el ) is the effect-
ive field at the site 1 contributed from the outside of th& claster ijkl: - -

X ” runs over all the connected bonds of the cluster ijkf-<+ , and I runs
o{%'ezsf all the (Yizrtices of the cluster. We postulate the reducibility”tr. .

0:5)p... = by “rdenotes the normalization. Tl'eg)postulate holds rigorouéilffE for
tlliékéactus lattice considered here. tr.k. sis P (Gi,o.,ok. ..) is a linear
function of o and has a form ] J
(c) _ (c)
chck"'p (oi,oj,ok...) = A, exp[ (BH;™" + Bhijk/&---)ci] (3)

where
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Bisep... = (1/2B)AnlE (1) /£(-1)] (4)
_ o (C) (c)
f(oi) - ZO.G ...eXp( BHi Cji)p
jk
h. SWIEE is the effective field at the site i contributed from the inside of
the Cluster ijk€+++. Since

(oi,oj,ck...) (5)

(1) - = 7(C)

Hijk,Z-- = hijke- . -+hij ergt. ‘-+hij"k"£"- Lt = Hijki_- . -+hijk£- . (6)

we have recurrence relation for the distribution function Gi (H i(c)) of H 1((321)&_ .

)y _ (c) _ _ _
Gl(Hl ) . f S(Hl hij'k'f,"" hij"k"/en"' ...)

X H P dJ H' H(c) (C) 7
o (JW) " uGu( % )dHu (7)

W in Il ' rurs for all vertices of clusters ij'k™' ..., ij'k"™"..., exepti,

ard yv in II | rurs for all connected bords in these clusters. In uniform
states such 4% P, F, and SG states, we regard the distribution of the effective
fields is independent of the site. Then the subscript of G is dropped.

Since there I can be grouped in separate clusters, Fourier transform can be
used and we have an integral equation.

(c), _ 1 . (c) z
GH,™") = 5=/ dk exp (ikH,™") [S (k)] c (8)
= s 1 (c) (c)
S(k) = J exp( lkhij'k'l{"") Hpvp(Juv)dJuvHuG(Hu )dHu (9)
M in II' runs on the vertices of the cluster ij'k'L'... except i, and wv in
Il runs on the connected bonds in the cluster.

uv
We assume that the distribution of the single cluster effective fields as
superposition of delta functions, i.e.,

Sk) = Znunem(—ian) (10)
Substituting (11) into (9) we have
() _ (c)
G(Hi ) = Zmam6 (Hi -mJ) (11)
in the limit T-0. Inserting (11) into ( 9) we have new S(k) as
S(k) =L p' exp(-inJk) (12)
u' is expressed in terms of a_ and a_ in terms of u_. Hence we have algebraic

e&uations of u_. The values"which rélatisfy these relation give the solution

of the integraﬁ‘_1 equation. %)solutions are classified in the following types.
Single peaked S-function at H, '= 0 describes the P state. Asymmetric solution
describes the F state. Symétric solution with width describes the SG state.
The value of the concentration of the ferromagnetic bond where the asymmetric
solution begins to appear, and connects to the symmetric solution, Ppgr is the
phase boundary between the F and SG states.

3. Square lattice in the square cluster approximation

We consider a square cactus lattice ofz_=2 asan approximation of the
square lattice. For z.=2, My is equal to an. Substitution of

P(Ju\)) = pé(Ju\)—J)+(l—p) S(Ju\)+J)
ard

2 .
Sk) = ZZ:—2 a, exp(-iL J k)

114



S. KATSURA et al.

(p is the concentration of the ferromagnetic bonds) into the integral equation
(9) and (10) we have

(4+P+OHRSS) /2 ) ) (4-P-0-R-5) /2

Zzazexp(-—inJ k)= ZmanQRS amanaq p
x expld (uquQRS(l)—uquQRs(-l))kJ/2] (13)

where the current indices m,n,q run from -2 to 2, and those of P,Q,R,S run 1

and -1, and

(Oi) = maxgj chz (Pcioj+on 0k+ROko £+SO Zc5i-+-n1c7j+no £+q0k) (14)
From the same powers of rhs and lhs of (14) we have 5 equations.

Introducing 4 variables

YrngPORS

z=(a_2+a2)/2, y=(a_l+al)/2, v=(a_2—a2)/2, w=(a_l-al)/2 (15)

instead of a, (v and w measure the asymmetry of the distribution), we have

4 equations.” They are solved as a function of x = p-1/2, and give relevant
solutions:1) P state. a0=l in the whole region of x. 2) SGl state. wv=0,
w=0, y=0. 3) SG2 state. v=0, w=0, y#0. 4) F1 state. wv#0, w=0, y=0,
0,335<x<0,5. 5) F2 state. v#0, w#0, v#0, 0.327 <x<0.375. The value of
z,yY,v,w are shown in Fig. 1. SGl and Fl connect at p_.,=0.835. SG2 and F2

connect at pp. =0.827. Such features are similar as Eglthe pair approximation
[6]. Details” will be published in [7].
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Fig.l The distribution function of the effective fields for the square lattice

in the square cactus approximation as a function of the concentratiop. X =

p-1/2. G(H(4)) _ 22 & 6(H(4)—nﬂ) The ordimte, z,y,v,w are given in (15).
m=-2"m :
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In a similar way we solved the integral equations for the distribution
functions of the efféctive fields in several lattices at T=0 and calculated the
values Pra: The results are shown in Table 1. These values of p G at T=0
together with the values of the tricritical point p_ (cross point of the P-F
and P-SG boundaries) already obtained [3-5] help us to estimate the phase
boundaries for finite temperatures. The discussions on SG1 and SG2 are given

in [6,8].

Table 1 Boundary between the ferromagnetic and spin glass states p_. and p, .
() denotes the number of §-functions in the distribution of single Cluster
field at T=0.

Lattice Approximation Prc1 Prao P
Hexagonal pair z=3 0.8750 (3) 0.85355
Square pair z=4 0.8333 (2) 0.8205 (3) 0.78869
Sq cactus z =2 0.835 (3) 0.827 (5) 0.80145
Kagome tr cactus z =2 0.854 (3) 0.850 (5) 0.82949
Triangular tr cactus z=3 0.766 (3) 0.761 (5) 0.7346
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