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A t"'lonte Carlo simulation is carried out on the
triangular Ising system in which the
antiferrorragnetic nn irrteraction J and the
f erronragnetic nnn interaction J I e>:ist. Tlte
temperature dependences of sublattice quantities
(niagnetizations, energies, susceptibilities and
specific heats) are calculated. Three singular
temperatures are estin,ated for several values of
the interaction ratio R = J',/J, and the phase
diagram is obtained.

1. Introduction

Recently, the Ising ntodel on the trianguiar lattice with the
nearest neighbour (nn) and next nearest neighbour (nnn)
interactionsr J and Jr, has irrterested many peopfe as a candidate
of new type of ordered phase. The ground state of the system with
the antiferromagnetic. J (<0) arrd the ferromagnetic Jr (>0) is
knowrr to be the two-sublattice ferriniagnetic (Fr) state t11.
Irjekata l2l proposed a possibility that the partfatly disorclered
(PD) phase appears in the finite temlrerature region by the mean
field approximation vrhen J ( 0, Jt ) 0 and R(=J'/J) > - 0.4. T[e
PD phase is defined by the propertl'that the one of the
sublattices loses its averaged nagnetization and the other
two-sublattices magnetize in opposite directions. IYiekata l2l also
showed that the three-sublattice ferriniagnetic (F3) state appears
in the temperature region between F, ancl PD ptraseS.

Mekata ancl Adachi t3l and Yoshizavia and tlirakavra t41 carried
out rnagnetic studies on single crystals of Ising-like material
CsCoC1.. They observecl the unusual temperature dependence of the
magnetlc reflection int.ensity by the rreutron scatterirrg above
13.5K, and it was interpreted as the appearance of the partial-1y
<lisordered phase in the temperature region (13.5K < T < 20.82K1.

Kaburagi et al t5l carried out the cLuster variation nethod
of the systemr and they showed that PD ptrase appears even when R (
- 0.4. The feature that the critical value of R does not exist is
clif f erent f rom that by ttre mean f ield appro>rimation l2l . It is a
question at this stage vihether the mean field approximation or thre
cLuster variation method derive an appropriate phase diagranr and
transition temperatures for the viell frustrated system.

On the other hand, Wada et al t6l carried out the llionte Carlo
(MC) simulation of the system for R = - 0.1r and clainred that the
PD phase will not be realized as an equil-ibriunr state, since the
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interchanges of roles of sublattices occur frequently.
The purpose- of the present paper is to clarify Lhese problems

by the }Ionte Carlo simulation, to estinrate the sinlular
temperatures which characterize the phase transitions amongpossibre phases and to obtain the phase diagram of the werlfrustrated system.

2. Model and I'lethod of Simulation

The tlamiltonian of the system is given by

1l- = _J.I,qq - J'L %o-o
< kg>

(1)

where J and J'are the nn and nnn interactionsr and <ij) and <ko)
denote nn and nnn pairs of spins, respectivety. we denote Jr/J byR, and vre consider the case of J<0, Ji)0

We divide the
Iattice into three
sublattices cy', B, f. At
the first temperature we
set the spin
configuration to be the
two-sublatt ice
ferrinragnetic state as
the initial state and ue
take the gradual heating
and cooling method. We
adopt the periodic
boundary condition and
carried out the
simulation over the
system size of N (total
number of spinsl = 24 x
24, 36 x 36, 48 x 48.

In the Monte Carlo
siniuLation, we see that
the roles of three
sublattices interchange
with finite time
intervals. To evaluate
thermal- averages of
sublattice quantities
beyond the trivial
interchanges of the
roles of three
sublattices in the
finite system, we rename
each sublattice so as to
fo1low the spontaneous
sublattice interchange

Fig. I. A result of the present. simulation when
n(=J'lJ) = - o.2. QandD denote theo(-sublaltice,O
and > denote the l-sublattice, e and > denote the
tr-sublattice, and tt and > denote Lhe Eota] system.
,c.^. is shown in Frg. 2. Each plotted values are
obUlined from the arithmeEic means of the heating and
cool ing processes.

at I1HCNET I ZHT I 0N

COe a:N-24x24
> D > >:N-36X36

tlcs- ( 300, I 500 )

b) SUSCEPTIBILITY
o o e: N-24x24
> D >: N-36X36

rlcs- ( 300, 1 500 1

(see details in t7l ) . we then calcurate the thernral averages ofthe magnetizations and the energies of the three sublattic6s andof !!9 total system over the l\tonte Carlo steps (MCS) = (300, 500)or (300, 1500) at each ternperature, where IICS as ttre relaxationprocess is 300 (discarded) and lrtcs as the thernrar equilibriunrprocess is 500 or 1500. susceptibirities and specific heats arecarcurated from fluctuations of magnetizations incl energies,

196

I

i

i

i

I

I

i

I



S. Furtrl er a/.

respectively.

3. Results

Simulations are carried out for R(= Jr/J) = Ar - O.2t - 0.4,
- 0.6, - 0.8, - 1.0. Figure I shows a result of the temperature
dependence of sublattice nragnetizations (a), and sublattice
susceptibilities (b), when R = - Q.2 with IICS = (300r 1500).
Figures 2 and 3 show the susceptibility and the specific heat of
the total system for (a) R = - 0.2r (b) R = - 0.6r and (c) I = -
I.0, respectively. we see from these figures that the four states
appear: the paranragnetic (P : T ) T., ) , partially disordered (Pd :
Tt( T 5-Tr), three-sublattice ferrifiagnetic (F: r T3< T < T2)r and
tfio-sublattice ferrimagnetic (FZ: T < T3) staEes. -

Fig. 2. The susceptibility of the Fig. 3. The specific heat of the total

iliii:iii;'f!"H,.t:.,!lldirfon.u.inn ;li!il.'se.;, :is.":i.:;Ej;;:i".:-";";-process;9. N-= 24 x 24, cooling at rr. The ieani.ngs ot symLoii iru-il.uprocessiA, N = 35 x 36, heating as iA rig. 2.processi D. N = 36 x 36, cooling
Process.

We estimate bhe three singular temperatures T, T,r, Te for
each value of R as follows. Tt is estimated from tne 6enaiiour:
(Moa) and (Mo) tend to vanish when the temperature increases; 1n
and lrtend-to diverge and C*^* seerns to have a cusp at this
ter,rperature. Tt is estimated"f rom the behaviour: (Mp) and <latot>
tend to vanish 5nd <86) and (Ey) tend to becor,re equal when thE'
temperature increasesi Xpand Xtn+, and Cq, Cg, C7 tend to diverge
at this temperature. T. 'is estii'rited f rom the behaviour: (!16) and
(Ep) tend to have cliffeient values from those of <M4) and (Eor),
respectivelyr when the temperature increases; Caoa diverges at
this temperature.

4. Conclusions and Discussion

From the estimation of singular temperatures
several vaLues of R, we obtain the phase diagram
In this figure the negative larger R we take, the

T1 
' 

T.' Tf fot
sh6vrn fn Flg. 4.
nar rower
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partially disordered region (Tr< T <

T., ) is obtained. Tlris f eature'is
q0alitatively in agreement viith the
resuLt's of the mean field
approximation l2l and the cluster
variation nrethod t51. The partially
disoroered (PD) state seenrs to be
realized in the temperature region
Tr< T <Tr even when the paranreter F.

t6kes values of R. < - 0.4. The
critical value of R at which PD
phase vanish is rrot detected fron
the present simulation. This
feature agrees better with the
result of the cluster variation
rnethod t5l than that of the mean
field approximation 121 .

The present result of the
susceptibility (Fi9. 2(a) and the
specific heat (Fi9. 3(a)) of the
total systen , 'Lr^u and C*^, , in the case of R = - 0 .2 is
qualitatively thE'sanre ab"that of the lrlont.e CarLo simul,ation of R

= - Q.I by Wada et al 16]. Theyr howeverr proposed that C.^*
seems to have no singularity at T.,. Tkrey, also cLaimec'i that"tLre PD
phase will not be realized as an 6quilibrium phase, because
interchanges of roles of three sublattices frecluently happen in PD
phase region. Nevertheless we expect that the iritercharrges of
roles of subLattices with sorae time interval will not happen at
the therrnodyrramic limit. If the PD phase can not exist as an
equilibriunr phaser the breakdovrn of this phase should be brought
out from donain-like loca1 irrterchanges of roles of the three
sublattices.

Very recentllr we are noticed that this model belongs to tLre
universality class of six-state cl-ock nodel tBl. This model has a
possibility that Kosterlitz-Ttrouless transition occurs at Tr.
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Fi9. 4, Estimated temperatures T,, T.,
Tr v.6. inverse parameter -l/R(--7/7,1'
afd the phase diagram. Tenperatures are
estimated from the present sinulation a,
and the simulation data of wada et al
1614. O is the exact transition
temperature of the ferromagnetic (Jr >
0) triangular Iattice kT-lJ'= 3.64I.
Dash dotted Iines are thE result of the
mean field approximation by llekata [2].P: paramagnetic, Pd; partially
disordered, Fr: tHo-sublattice
ferrinagnetic; and Fa: three-sublaLtice
ferrinagnetic phasesi
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