
J. Phys. Soc. Jpn. 52 (1983) Suppl. p. 217-220

MONTE CARI,O S]MULATIONS FOR DILUTE
ANTIFERROMAGNET]C POTTS MODELS

I. Ono

Department of Physics,
Technology, Ohokayama,
Tokyo 152, Japan

Tokyo Institute of
Meguroku,

Monte Carlo simulations are carried out on dilute anti-
ferromagnetic Potts models with q=3 and 4 on a simple
cubic lattice and with q=3 on a triangular lattice. Ihe
transition temperature is shown to decrease monotonically
with decreasing bond-concentration and j-ts critical
concentration to be dependent on the q-number in contrast
to ferromagnetic cases.

I. Introduction
Recentl-y phase transitions of g-state Potts model attract much attention

of theoretical Physists. Pretty amounts of works are pr:blished on the ferro-
magnetic Potts model [1] and rigorous transition temperatures are known for
the case of 2-dimensional lattice. on the other hand, there are not so many
works 12-41 on antiferromagnetic (AI') Potts model. The ground state for AF
Potts model with q]3 has highly degenerate spin arrangements on super cubic
Iattices. It should be expected that this causes the decrease of transition
temperature and sometimes may destroy a spin ordering. These stuation would
be somewhat similar to effects of zero-point entropy due to fn:strations in
some kind of spin-g1asses.

In this paper we investigate the phase transitions of dilute AF Potts
model by means of Monte Carlo simulations on simple cublc and triangular
lattices.
2. Simple Cubic Lattices

The Hamiltonian for q-state Potts model may be written as

j{-=- r. J..6(o.,o.),
l-l1l

oi = 1, 2, "', n
<ij >

where 6(oi,oi) denotes the Kroneker's delta function, and sum <i,j> is
restricted t5 nearest neiboring pairs. We deal with the case of random bond
dilution of A.F Potts, where interaction Jii is assumed to be either -l,fl or O.

In the AE Potts model a spin ordering on the s.c. lattice is considered to
break the lattice into two sublattices. For 2-state Potts, equivalent to Ising
model, antiferromagnetic ordering is well known. For 3-state one we may assign
the A-subtattice to the state-I, and the B to other states. Because there are
no intra-sublattice interaction, any spin arrangements are allowed on the
B-sublattice in the ground state, as far as the state-I is excluded. Thus the
zero-point entropy for q=3 AF Potts model becomes (N,/2) log 2 which reaches
about 32 percent of that of completely random spin arrangement, where N is the
number of lattice sites.

If the ordered phase is assumed to be uniaxial, a conventional order para-
meter is defined by

(1)

-1r-qAE = -+ <6(0, 1)q-r

2t'l

(2)
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where <"'>A represents the thermal average on the A-sublattice. We have
found these order parameter is considerably scattered around the transition
temperature. This would be partially because of subtattice switchings in M. C.
sequences. So we adopt another order parameter defined by

o-- = * t312. r 6(0,0.,)+ r 6(o .o,,)-2 r 6(o.o.)>. (3)Ar' 2 'N' i,iica i-i j,j ee-'-j-j 
. 

iealjee 
.-i-j,

The new order parameter consists of the sum of spin-spin correlation and is
considered to be proportional to a staggered susceptibility times temperature
or kgT Xs/N in the disordered phase. The above-mensioned sublattice ordering
follows 3/4 of OAp for q=3. In Fig. 1 we show the temperature dependence of
O* obtained Monte Carlo simulatj-ons performed on 6x6x6 and 8x8x8 lattice. It
would not be unreasonabl-e that the transition temperature can be determined from
the inflection point. Figure 2 shows the concentration dependence of transi-
tion temperatures for q=2, 3 and 4. Solid lines show the analytical results
by Bethe approximations. The above two results are qualitatively agreement
wi-th each other. It should be noted that the critical concentrations are
decreased with increasing q-number. fhese facts are contrast to dilute
ferromagnetic Potts model [5].

1.0

Y-oxoox - x-

J?_

_ R.- t _e_
-9-?--" *-R-

x- '1 .-o .o
'- .o

tl o

o.6
i.

)R- r

o 6*6x6
x SxBxB

AF POTTS

(x:3J
'r-c= l.o

\o
t\ .R

.o o'8 ' 
'o- X\ O,'. O ..,

'x.

'5- o 
tq 

o
x -----R i

',--c-i--, | ,
o.5 t<rrl1r, , , o r.r

3. Triangular Lattices
The AF Ising model, equivalent to Af' Potts model with q=2, exhibits no

phase transition on a triangular lattice because of a highly frustrated ground
state. On the other hand, an ordered phase for the 3-state AF Potts model is
assumed to have three subl-attices, where state-I, -2 or -3 are altotted to the
A, B or c sublattice, respectively. This is free from frustration and not
degenerate in the ground state. Monte Carlo simulations are performed on 24x24
and 30x30 periodic lattices. ]n Fig. 3, we plot the order parameter which is
similar to (3) against temperatures. One can find the transition turns out to
be 1st order. The estimated transition temperature kgT./l;l U."o*es around
0.64 for the pure AF Potts model. This value is in good agreement with the
results by Grest [6] who found the discontinuety in the energy curve versus
temperature by means of Monte Carlo methods. The results of the renormaliza-
tion approaches by Schick and Griffith t21 led to the 2nd order phase transi-
tion, which is inconsj-stent with M. C. data. We have also analyticalJ-y
investigated these ordered phase by the triangular cactus approximation [7]
and found ttris phase transition is to be 1st order at k"T.,/l;l=O.SZ. This
value is about I0 percent lower than our M. C. data.
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The concentration dependence of transition temperature is also shown in Fig. 4.
Behaviors of transition temperatures are analogous to that for s.c. lattice.
when c(0.8 we could not clearly decided on the type of phase transition.
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4. Conclusions

Preliminary Monte Carl-o data are presented on the phase transitions of
dilute AF Potts models on up to 8x8x8 simple cublc and up to 30x30 triangular
lattices. We have proposed the new order parameter which is found to have
comparatively smooth variations against the temperatures even for fairly sma1l
lattice consisting of less than 1000 sites. The 2,3 and  -state AF Potts
models on the s.c. l-attice are shown to exhj-bit the 2nd order phase transition.
ILre 3-state AF Potts on the triangular lattice, on the other hand, maintains
thd Ist order one at least until 80 percent of alived bonds. The AF bonds
dil-ution follows a monotonical decrease in the transition temperature and the
q-dependent critical concentrations in contrast to the q-independent vafues for
the dilute ferro Potts models.
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