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TYPE OF PHASE TRANSITION IN THE 2_d ISING MODEL
WITH RECTJT.ARLY DISPGSM FRUSTRAT]ON
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Numerically exact spin-spin correlation functions hrere calcu-
Iated by using a transfer-matrix method for tvo 2-ci Ising
models with regular disposition of the frustrated squares: (1 )
Villain's odd model wrth fully frustrated squares and (2)
Bray's model with lhe chessboard arrangement of the frustrated
squares. It has been found that the behavior of correlaLions
of the odd model changes from Lhe pover -Iav decay to lhe
exponential decay. On the other hand, the correlations of the
chessboard model decay exponentially at alI temperaLures.

1. Introduction

The nature of spin glasses has recently been studied intensively, but the
presence of a phase transition in spin glasses is sti1l a very puzzltng matLer
11,2). The simplest model of the spin glass system studied so far t3,41 is
the lwo-dimensional (2 c/) random-bond Ising model:

lE- L Jiioi{ti , (1 )
.:.t J,

vith nearest-neighbor interactions J;; chosen randomly out of +1. Toulouse
t5l pointed oul that Lhe frustration effect is lhe most genuine and inL-

eresting feature in such nrodel. According to him the frust.raLion function is
defined by

QL,lt t, ",1 ;.;J,1.JttJti , (2)

which is the product of Lhe interacLions around an elementary square
(plcrquette) denoted by iijkll i 0 provides a local measure of frustralion
since whenever 0= I there is no vay of choosing the orienLaLion of the Ising
spins around the plaquette vithout frustraLj.ng at Ieast one bond.

ViIlain tOJ remarked thaL regular-bond models wiLh J1; distributed by a
certain ruLe exhibits some peculiarites of spin glasses. He considered a Z-cl
regular-bond Ising model in vhich aII the plaquettes are frustrated vith the
odd rule 0=-1; this odd model is obtained if the bonds on every second line in
the vertical direction are negative vhereas all other bonds are posilive as
shown in Fj-g. 1 (rr). Bray c,i o1. l4) considered another regular-bond model
wrth lhe chessboard arrangement of the frustrated squares in which half of the
total number of plaqr-rettes is frustrated as shovn in Fig. 1(lrl. It is knovn
that. both the models have very simrlar properties: the presence of freely
rolating spins, a hrgh ground state degeneracy, a broard peak of the specific
heat, and no phase transrlion al frnite temperature [7.]

The purpose of the present study is to investigate the nature of Lhese
tvo models by studing the temperature and distance dependences of the spin-
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spin correlatron functions. For this purposi: a new scheme is developed to
ottuin numerically exact spin-spin correlation functions by using a transfer-
malrix method 8,9 I . Il vas found that the correlaLrons of the Lvo models
behave very differenLly. The correlaLions of lhe odd model are long ranged
and decay as r'', in lhe J-ow lernperature region, and decay exponenlially in the
high temperaLure region. The model apparently undergoes a nev type of phase

lransition as Kosterlilz and Thouless i 10.1 proposed for the 2-cl planar
model. However, detailed analysis of the data p.roveQ,.lhat the correlation has

;-i;;* ":'/i|r'li": wiLh the correlaLion Iength {rcs\]Jt:\) 3)'//k?' 'n accordance with
the theorelical result of Forgacs I 111 . On Lhe other hand, the correlations
of the chessboard model exihibit an exponenLial decay at alL temperatures. Its
correlation lenglh is constanl in the lov temperalure region and decreases
gradually wi-th increasing lemperature.

( b ) Chessboord Mode I

Fie. 1. The dj.sposition of the bonds for the odd model (ct) and lhe
chessboard model (b ). The ferromagnetic bonds are denoted by
the solid Iines, and the antiferromagnetic bonds are denoted
by the dashed lines. The frustraLed squares are marked by the
crosses.

2. Method of Computation

The transfer matr:.x method 18,91 was used to obtain numerically exacL
correlalions between spins. Consider a square lattice of spins vith ri/ columns
and Ar rovs. Two lypes of the ilLh reduced density metrices:

prr'((]1 .(I1 ,..,Or'l r and /)r i(rl ,O1 ... !(rl1 i

are defined by the Lraces Laken over all lhe spins up Lo Lhe (tt-l )th row and

dovn to the (rrr1 ith rovr, respectively, vith aII the spins (ot ,o:'..,o,1 .) on lhe
nlh row fixed. pi and p" fulfrI the folloving recursive relalions:

a

/ri(trr ,cr:,..,(ril):exp(/[Jio1o;,1)!exp(/[Jioioi )rri r(oi'o:,..,o11),

p, (or .oz, . .,ofr l= f, exp(6IJ;"oio;' )expiffl"rr'or'or.r )p"-r (oi
{o, i I i

r+here ,iJ1) ri,l' t I is the seL of horizontal bonds in Lhe nlh ((n+1 )th.) rov,
anci lJil (lJ; I i is lhe set of bonds connecting nth and tn 1)th ((lit1)th)
rovs. The partition functin Z rs obLained from the Lrace of pl;p,, Laken over
atl lhe spins on Lhe rith rov:

7. 1t,,, (,r '()r' ,(I,r/ 1/)D 1(rl '(rl' . . '(Iv )

The correlation belveen spins on the nth row is given by

(4)
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.:ttio j,'= Z-t\rt,(rjl); ((rl ,(,:, . . ,rit )fiu (ci1 ,tr2, . . ,ou )
lo, I

Thrs method is numerically exact and much simpler and faster than
previously reported by Morgenstern and Binder t8l vhich involves
numerical differenliations. Only Iimitation of this method is that
considerraLions do not allov the application to large systemi II is
and because of periodic boundary condition meaningful correlations
far r:,:-,t1.,2. The sizes of ,l/ vere 10, 12, 14, 16, and 18 wilh Aul1.

(6)
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Fie. 2. The horizontal correlations of the odd model (cr) and Lhe
chessboard model (lt) as a function of temperaturei
(/(?-)=<o0,0o, 11)-. The odd..order correlations are indicaLed by
solid curves, and the even order correlations by dashed
curves.

3. ResuLts

3 .1 O<kl ntotkt I

The horizontal correlation of the odd model for 16x 16 spins is shown in
Fie. Z(o) as a function of temperaLure. The feature of the odd model is that
lhe odd- and even-order correlations behave differently. By plotting the data
in log-1og form iL vas found that the odd- and even-order correlations inde-
pendently fit we]l with a pover--lav decay:

9(t')={oo,r(tt,0>cY-t^-1) vILh r1-Q.!7. (7)

The correlations at hieh LemperaLures ('l>3.0) fit. velI with the simple
exponenlial decay:

(lr t' c "i'

The dtfferenL behavior at high and low temperatures could indicate Lhat a
phase transition frorn exponential decav to power law decay occurs at some
Lemperatue as in lhe 2 t1 planar model i 10_l . This possibility was found to be
unlikelv after the delarled study of the behavior of lhe correlations. The
correlaLions begin to deviate from the slmpte exponential decay at ?'{3.0; the
deviation increases markedly with decreasing temperature. Hovever, the modi-
fred correlations rt''rl,J \r r fit vell with the exponential decay:

(8)

r u I Chessboord Mode I

I N - 16x16
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g O')a'e-r/t /'i/2 '

The correlation length f varies with temperature in a singular form

f cr-e,oJ/kT vi Lh q=2.3:L 0.3

tt'to'=l '75/ {J (1 )+0' 125'

vhere f6=1.18 is the correlation Iength at T=0.

over Lhe Lemperature range 0.9':i?(3.0. This behavior of f is not in agreemenL
with the theory of Kosterlitz and Thouless [ 10J , but in good agreemenL vith
the theory of Forgacs l11l .

3.2 Orcssbootri trrotle I

The horizontal correlations of the chessboard model for 16x 16 spins is
shown in Fie.2(b) as a function of temperature. By plotting the data in
semilog form it vas found that Lhe even order correlations fit veII vith a
sj.mple exponential decayi <l tt'),.,:c' t/i: aL aII temperatures. The odd order
correlalions deviate slightly from the simple exponential decay. The correla-
Lion lenglh f is constant at low Lemperatures and decreases gradually wilh
increasing Lemperalure in the same !/ay as Lhe nearest correlalion i7(1). The
follovrng rela'Lion holds over Lhe vrde lentperalure range:

(e)

(10 )

t11 I

4. Discussion and Conclusions

Forgacs t 1 1 .l studied the spin spin correlation funcLion in the ground
state of t.he odd model. He obtai.ned the result that lhe correlations decay as
r"-, vith r7:Q.5 at large dislance. The value of ry=Q.!7 ob[ained in the present
sludy is sliehtly small,er than his value. This may be due lo the fact that the
latLice size of 18>,: 18 is still small Lo obtain lt aL large di.stance. He also
shoved that for 7' close to zero the correlation length diverges exponentially
fast as in 1-cl Ising model. The present study shoved that the correlaLion has
the form ,, r/:",r,til r+rlh the correlaLion Ienglh f cr-p(2 rltr) lil )/k'l in accordance
vilh the Lheory. This relation vas found to hold vell aL'l'='l',r; 7, is the
l-enrperalure where Lhe specific heat has a broad peak. The lov temperaLure
behavior can be explained by assuming that the relaLion holds equally at lov
LenrperaLures. On the oLher hand, the chessboard model provides a perfect

'paramagneL in whrch the correlation decay exponentially at aIl temperatures.

Il is Lo be hoped that the study of numerically exact spin spin correla-
tion functions of Lhe Z-cl Ising model vith regularly disposed frustration viII
contribute to a betLer undersLanding of spin glasses.
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