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Amethodisdescnbedibrinvertmgspecularneutronrenectivitiesiomreal, symmetric, compactly-supported
potentialsofknownmickness・ Forsuchpotentials, thephaseofthecomplexrenectioncoeflicientisequaltothe
phaseofthetransmissioncoeiIicientplusaknownphaseshiitandthuscanberetrievedlromasmglemeasurement
ofrenectivityusmgalogarithmicdispersionrelationfbrthetransmission･ nleresultingreilectioncoefficientcan
beinvertedtofindthepotentialbysolvmgtheGel'and-Levitan-Marchenkointegralequation. ･I11emethodis
general, totheextent thatsymmemcpotentialscallbefbnnedbyabuttmgtwoidellticalspecmensofafilmof
mtereSt.

KEYWORDS: neutrons, speculorreflection,phosedeterminotion, inversion,
symmetricpotentioIs,Gel 'fond-Levitdn-Morchenkoequotion

§.1. Intmduction

RecentprogreSShasbeenmade intheprOblemof

measuringthephaseofneutronreflectivitXthereby

opemngnewpossibilitiesfbrtheanalysisofspecular

renectometlyi includingthedetenninationofscattering

lengthdensitiesbydirectinversionofdata. Thesenew

theoretical methods of phase determination are

eHectivelyrestrictedtoneutronsbecauseofanexpress

requirement that thescatteringlengthdensitybereal
valued､whichiswellmetfbrneutronsinmostcasesbut

notfbrx-ravs.

Inoneapproach､''2) both the complex reflection
COe伍cientanditsnonn, themeasuredreflecUvity, are

showntobeexpressedbythesamethreefimcUonsofthe
elementsofa2×2transfermatrix. Thesefimctionsare

measurablefromthereflectivityspectraofthreesamples,
eachconsistingofthesameunknownfilmandoneof
threeknownreferenCe laVers. While thismethod

‐

requiresthreemeasurements, itentailsonlyalgebraic

andlocal extractionoftherenectionamplitude, the

phasedetenninationateachwavevectordependingonly
ondataatthatpoint.

AnoUlermethod, introducedhere, requiresonlya

singlespectrumbut isrestrictedtomirrorsymmetric
films, i.e., filmswhichpresent the same scattering
lengthdensityprofilefromeitherdirection,anditdoes
entailnon-localtransfbnnationofthedata.

Knowledge of the complex renection coeHicient

enablesdirect inversionofneutronreflectometIyusing
the Gel'fand-Levitan-Marchenko (GLM) integral
equationorrelatedmethods.3~6)
WelaygeneralgroundworkinSec.2andspecializeto
thecaseofmirror synunetlyinSec.3. TheGLM

equationisdiscussedinScc.4withamodelapplication.

filnctionalongthedirectionnonnal to the surface,

conventionallytakenasthez-axis:

へ

‘ﾉ皇ﾘ'(た鼠'z)+9(z)l,,(k:,z)="l"(ん鷺,z)(1)
dz2

where

9(z)=4"p(z) (2)

andwherep(z)istheneutronscatteringlengthdensity.
Thewavevector"z is thez-componentofthe incident

wavevector. Inthemostgeneralcase,thepotential9(z)
maybesupportedonthewholez-line, butherewe

consideronlythemorerestlictive,butstillvelyusefill,

caseofpotentialshavingcompactsupportonO≦z≦Z,；
i.e.,9(z)=0fbrz<0andz>Z,,whereListhethicknessof
the film, whichwewill assume is known． The

subsequent fbrmulationalsoassumes that thefilmis

freelysupported,i.e.､hat the丘ontingandbacking
mediaarevacuum. Finally,wetake9(z) tobereal-
valued､whichusuallyisavelygoodapproximationfbr
neutrons. InSec.3wewillmakefilrtherrestrictionsto

mirror-symmetricandnon-negativepotentials. Thus,

fbrthepotenUalsofconcern, thephysical solutionof
Eq.(1)hascanonical fbrmsoutsidethesuppoltof9(z),
namelV,

リ'(ん恩,z)=eik塵′＋ﾉ"(hz)e-雄量図,z<0,

and

(3a)

l"("2,z)=r(ん霞)e澱農z,z>L, (3b)

whereﾉ" (た息)andr (た身)arethecomplexreflectionand
transmissioncoeHicients, respectively. Themeasured

へ

reflectivityis lr(ん霞)|4. Amongmeseveralmeansof
solutionmethodsavailablefbrEq. (1)in[O,Z,]weusethe

1ransfbrmatrixmethod,whichprovestobeaparticularly
convenientanalyticaltoolfbrourpurposes.

§.2.Formalism:theTransferMatrix

Thetheolyofspecularrenectivityfromanlmcanbe

cast as the problemof solving a l-dimensional

SchrOdingerequation fbr thevariationof thewave

107
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Thetransfermatrix7'8ノ isa2X2matnxwhichgi,･esa
conciseconnectionbetweenthediWoint soluUons in

Eq.(3). Therequirementsofcontinuityof"kz,z)and

V''(kz,z)atz=0andatz=Z,provideadeterminationof
r(k) andr(た胃) intermsofthefburelementsofthe

transfermatrix,byanalogytotheenectofUleboundaly

conditionsacrosSasingleinterface. ThusfbrO≦z≦Z,,
let

γ(－たz)=r*(k), (13a)

and

r(-た量)=/*(た量） (13b)

§.3.DetenniningPhaseforSymmetricPotentiaIs
Formirror-symmetricpotentials,whichsatisiy9(z)

9(L-z), itcanbeshownthat9)

D("z,L)=A(",L) (14)

thll3

B+Cハ

r＝ (15a)
B－C+2L4'

:＝＝

Z(kz,z)=M(た国,z)Z(h9,0),

where

〃(岬1－職創
and

IPI網蛎

(4)

(3）

and

2/e-ikzLA

／＝ (13b)
B-C+2id4'

where(A)signifiesthisspecialcaseofj"andr. Now

§="ge'k" =4'(',-'｣)(,6)
/ 2/ |rl

ThuS

(6)

isthetransfermamx. Consistencyatz=0demands

"("z,0)=1 (7)

TheevolutionofM(kz,z) isobtainedbydiHerentiaUng

Eq.(5)andusingEq.(1),whichleadsto

dM(k扇,z)
=r("z,z)M("z,z), （8）

吃

where

（",恥‘ :） ”｝r(k,z)=

ThesolutionofEq.(8) isumque, subject totheinitial

value,Eq.(7).

Forreal-valuedpotenUals,M(iz,z) isrealfbrallrealhz.

AIso,"(h2,z)isunimodular, i.e.,

AD-BC=1 (10)

Tbderivethis,diHerentiateAD-CDwithrespect toz,

thenuseEqS.(8)and(7).

SubstitutionofEq.(3)intoEq.(4)givestwoequations

fbrﾉ･(kz)and/(た量),whichhavesolutions

B+C+/(D-A)
γ＝ (lla)
B-C+/(D+4) '

ei(4-4)-kzL=､/'-|fl'
2jl 'f, ' (B+c)

WiththehelpofEq.(10)itcanbeshownthat'''0)

(17)

21土吐
1-|fl2
=B2+C2+2A2, (18）

sothat,againuSingEq.(10),

21fl

､/'-|fl'
B+C= (19)

Therefbre,fromEq.(17),

ei(4-di-ixL)=±/. (20)

Beibregoingtothenext step, it isusefill tohavethe

limtingbehaviorsofM(た言,z)ashz→0and"z→". It

canbeshownfromEq.(8)that

（期)鰍・'’lim"("z,L)=
たz→O

i.e.,A→O(1),D→O(1),B→0,andC→". Here

O(1)=O(kZo)meansafinitevalue,independentofAFz.
AIso,

（割耀} :鯛)‘"”limM(kz,L)=
ん‐→0

and

2/e-汝雪L
／＝ (1lb)
B-C+/(D+4)'

andwhereitcanbeConfinnedthatlrl2+| / |2=1. Since
"isreal, Ulecomplexnaturesofノ′ andraremade

explicitbyEq.(ll)Wealsonotefbrlaterusethat

）（鞭城鯏{'”M(一〃富,z)= 1.e.,j4→D→cos(AFzL),andB→-C→sin(kzL). In

particular,sinceC("z.Z,)→ as"z→0, itfbllowsthat

"r(k:)=-', (23a)
whichfbllowsfi･omEq.(4),andthusfromEq.(11), that
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quitegeneral fbrreal, finite, non-negativecompactly-
supported9(z), sincesuchpotentialscannothavebound

､ates,andtheyguaranteethe"good"behaviorneededfbr

thedispersionrelation. Inparticular, italsoholdsfbr

ourrestrictiontomirror-symmetricpotentials, sotllat

onemayrewriteEq.(29)with('i)s.

Equations(26)and(29)comprisethealgorithmfbr

obtaining thephaseofrenection fromarenectivib'

spectmmfbrthespecialbutusefill classofreal,non-

negative,compactly-supportedpotentialswhicharealso

mirror-synunemc,butwhichotherwisemayhavequite

arbitraryshape. ForcomputationalpurposesEq(29)
mavberewrittenas

and

隅'(た霞)=-/O(ﾙ,),

andthuswemaydefine

4(0)＝－汀

and

似(0)＝一万/2

(23b)

(24a)

(24b)

These limits arequitegeneral fbr real, compactly-

supportedpotentials. Therefbre fromEq.(20) and
Eq.(24)wehaveinthepresentCase,

へ へ

卿(kj=-fPPr ln(|r(別'1幻､倣
争 亨雌)=“)-争い， (25）

(30)

TherelationinEq.(26)isinteresting,aswellasusefill

OneseesfromEq.(27)that

wherewehavechosenthebranchofEq.(20)whichis
八

consistentwithEq.(24). Also,whenever ﾉ.(hz)passes

throughtheonginoftheArganddiagram, i.e.,thegraph
八 八

oftheparametriccurve r''(")vs. j"'("z),thephaseangle

decreasesby7z ThenEq.(25)becomes

lim4("z)=0,
k．－分め

(31)

whichmayalsobe inferredfiomEq.(29),

numeratorof the integrand is everywhere

integrable. ThusfromEq.(26),

since the

fimteor

4(k｡)=4(A,)-:+k｡L-"雁，
八

(26）

'im4(ﾙ屋)=-f+A:｡L-"" (32)
た．－>⑯ 2

Nowitiswellknownthatthelimitofthescatteringas"z

→"isgivenexactlybytheBornapproximation(BA).

ThusEqs.(26), (31),and(32)imply

4(〃‘)＝4(た‘)＋〃(ﾙ蚕） （33）

Indeed, intheBornapproximation,

l

（e2M::39(z)"fB4(kz)=
2/〃，

（34）

‘渕e-.鵬筆9(z)cた＝＝

2/ﾙ．

fbrル〃＜えz≦km+1,whereﾉ.(k")=0fbrﾉ7=1,2,…; and

where"=0fbr"z≦た,. Ingeneral,compacUy-supported,

symmetricpotentialsproducesuchzeros,wherek"L->

'')Thus":)eHectivelylieswitmnthe〃汀asノ7－>”・

intewal[-"2,"2]ashz→“、
八

Thephaseofr(kz) isobtainedfroma logarithmic

dispersionrelation・'2~'4) It iswell-knownthat inthe
absenceofboundstates, r("z)(andalsor(此蚕)) isanalytic

in the upper half"z-plane.3~5) Furthennore, from
Eqs.(22),

2/e-jArgz'

"'(A:)=2sin(""2ic｡､kL)kz→±⑩

Itthenfbllowsfromanalyticcontinuationthat

lim/("z)=l
|"zl→”

=1. (27)

fbr9(z)=9(L-z) Thiscanbewrittenas

fa4(kg)=ei(-'r/2+k:L)ノ(k),
八

where八〃爵)isreal,sothat

(28）

(35）
fbrlm庵≧0. ThuSlim,k却→｡｡ ln/("z)=0intheupper
llalfplane. MoreoveI;oneseesfromEq.(1lb)thatr(Af:)

hasnozerosintheupperhalfplane, sothat ln/(kz) is

finitefbrlm">0andvanishesunifbnnlyontheupper

infinitesemicircle. Itfbllows'5)thatlnr(Arz)satisfiesa
dispersionrelation,whichrelatesitsimaginalypart,
八

“た蟹)、 to theHilbert transfbrmof iIs real part,

lnli(kg)|=ln,/'-|r(Aw:)|: ;mme'y,

汀

”(た,)＝－＋“－""， （36）
？ 二
一

as inEq.(33). ThusfbrmilTor-symmetricpotentials,
八

the contribution to llle phase of ノ.("z) causedbyゲ
八

dynamicalscatteringisentirel)'tllephaseofr(Arg)

'nj'-|r(k|)恥 §.4.InvertingtheRenectionSI)ectrum
J.J.ﾉ. 7ｿ7eGLME9"α"o〃

Wehaveseenthat fbrfilmpolentials9(z)ofknown

thicknessZ,whicharenon-negativeandsymmetricabout
八

z=Z,/2, thecomplexrenectioncoeHicient j"(AEz)canbe

鮴,)=-÷PPI: ！ ． （29）
ル!－ル

今 年

Althoughi(0)=0, theresultingdivergenceinlnl/(Ag')l is

integrableinEq.(29). Onenoticestllat thisresult is
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八 句

reconstmctedfromtherenectivityspecmlml"(k) |.;

namely,
会

f(た罫)=ei4(kz)|f("z)|, （37）

-zzIZ,.剃り-鵬批=;9(:', ""
andthus,comparingwithEq.(42),to

K(z,z)=-Ra4(2z) (45)

That is， thediagonal oftheexactPLkernal is the

negaUveoftheBomapproximationtothereal space
reflectioncoe価cient. Onemghtsay,therefbre,thatthe

fimctionofsolvingtheGLMequaUonfbrK(z,Jﾉ) isto
"reduce"theexactrealspacerenecUoncoe価cienttothe
Bomapproximation,whichiseasilyinvertedfbr"(z); in
otherwords, theGLMequationeHectivelyremovesUle

dynalmcalscatteringfromR(Z). Tbgoabitfilrther, set

y=zinEq.(41)tOget

八 八

where',("z) isdetenninedfromlr("z) |;usingEqs(26)
and(30). Knowledgeofﾉ割(AE:) issuHicient to"invert''
the spectmm, i.e., todetennine 9(z) uniquely fbr
potenUalsthatdonotsupportboundstatesandwhichare
suHiciently regular, sucll as thosehavingcompact
support. Theprototypefbr fbnnal inversiQIlis the
Gel'fand-Levitan-Marchenko(GLM)equation,・ion.3~5)whiCh

fbrthecaseofreal,non-negative,compactly-supported

potentials,canbewrittenas

r｡K(z,x)R(x+y)[tr=0,K(z,y)+R(x+y)+

（38）

fbr.y≦z. Herethe"real spacerenectioncoeHicient"
R(z)is

匡,(k"&L=Relf,(It=)鵬§生，R(z)=
2万 〃

（39）

wherethesecondequalityreSultsfromEq.(13),sothat

R(z) isreal. ThefimctionK(z,.y)intheGLMequation
isknownas thePovzner-Levitan(PL)kernal 5) and
satisfiesK(z,y)=0fbrz≦0,andfbr-z≦y<ZwhenZ>0.
ThusfromEq.(38),

R(z)=0 fbrz≦0, (40)

K(z｡z)+R(2z)fr(z,x-z)R(x)ok=0(46)
ThenaSz→O､ theintegralvamshesand

limR(2z)=-K(z,z)=RB｣(2z). (47)
z→O

ThustheBornapproximationisexactinaneighborhood
oftheleadingedgeofthepotential.

§ｲ.2. j4"/""o"M2【方od
MuchoftheliteratureonsolvingtheGLMandrelated

equations dealswithexploitingspecial assumptions
about theanalyticbehavioroftherealspacerenection
COe価cientR(z).'7) For thegeneral case, numerical
solutionmethodsboil downtoreplacingthe integral

equationbyadiscretematrixequaUon,'8)wllichwewill
notdiscuSs､ortoiterationonthe"0-th"ordersolution

K(0)(z,y)=-R(z+y), （48）

whichalsofbllowsfromEq.(39)andtheanalyticiWof

ﾉ･(hz) intheupperhalfplane. ThustheGLMequation

mayberewrittenas

rK(z,x-y)R(x)@ir=QX(z,y)+R(x+y)+

(41)

ThePLkernal'6)alsohastheremarkablepropem･,3-5)

9(z)=2K(-,z) （42）
吃

Thus9(z) iSknownoncethePLkernal isknown. In
ハ へ

ourproblem,then,theinversionoflr(た霞) |4starIswiththe
八

detenninationof"Arg)usingthealgorithmofSec.3--the
onlystepthatdependsontherestrictiontosymmetric

potentials---proceedstothecomputationofR(z)using
EqS.(37)and(39),andculmnatesinthesolutionofthe
GLMequationfbrthePLkemalandtheextractionof

9(z)byEq.(42).

Thereisaninterestingwayofinterpretingthe latter

partofthisprocess Recall fromEq.(34) that inthe

Bomapproximation

which,aswehaveseeninEq.(47),becomesexactas.)ﾉ→

zandz→OfbrpotentialssupportedonlO,L]. Inthe

nextstageofiteration,onethenwouldhave

rR(計難-y)R(x)",K(')(z,y)=-R(z+Jﾉ)一

（49）

andsoon. Wehavefbundthat thisstraiglll士brward

iterationscheme iswell-adaptedtoimplementationin

symbolicmathematical sofiwarepackages, suchasare
commerciallyavailable. Onemaytakeadvantageof

knowingthethicknessZ,andthefactthatK(z,.)ﾉ)fbry≦z

andz≦LdependsonlyonR(x)fbrO≦x≦2L. We

approximate the computedR(x) in [0,2Ll by an

intemolatingsplineonNsegmentsboundedby"+l

knOtS,xo=0,xI,…7Xﾉv=2Z,； i､e､．
Ⅳ

R(x)→Z&(x), （50）
〃＝l

whereI:9(z)e2"'[た2/〃･a4(た霞)= (43）

TakingtheinverseFouriertransfbnnofbothsidesleads
tO
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Fig.1. SimulatedreHectivityspectrum(600points)fbr
modelpotential,shownininset
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Fig.4. Potential fromGLMequation. ResultsfbrO, 1,2,
and3iterationsareshowninorderfrombottom(heavy
lines);modelpotential(heavydashedline);resultffomdata
truncationat200points(lightdashedline).

symboliCallyonR"(x)inthecurrentlyunknownSegment;
theresultingpolynomialateachstageisavailablefbrall

x,jﾉ,andz,andtherequiredconstraintscanappliedat

theendofthe entireprocess fbreachsegment to
completethechain:

R"(x)→Kh(z,y)→Kh(z,z)→9"(z) (53)

fbr"=1,2,…,"insequence.

Thereremainsthequestionofchoosingthedegreeof
intelpolatingspline toapproximateR(x). UseofO-

degreesplines， as inrectangularrepresentations,gives
discontinuousR(x) andK(z,z), and thus leads to

undesirablesingularitiesat theknotswhenEq.(42) is
applied. First-degree (linear) splinesarecontinuous

andleadtocontinuousK(z,z),buttheresulting9(2)will

displaydiscontinuitiesat theknots. Higherdegree
splinesleadtosmootherrepresentationsof9(z),butthe
concomitantoverheadofsymboliccomputationincreases
rapidly,andhighorderintelpolationcanbringspurious
structure intotheapproximation,wllich, inanycase,

neednotbeofbetterqualitythantheinfierenceofR(x)

fromthedata. Linearilltelpolationseemsareasonable

’

－1 ．0

0.0 10.0 20.0 30.0 40.0 50．0 60．0

kL
Z

Fig.2． ComputedphaseofreHection(solidline);computed
phaseoftransmission(dashedline).

(51)

TakingEq.(50)asanexactrepresentationOfR(x)allows

ustowritetheGLMequationas
n－l

zに
〃I＝1

K(z,)ﾉ)=-R"(z+Jﾉ)一 K(z,x-y)尺"(x)"

"K(x,x-y)R"(x)",＋

（う2）

fbrx"_1/2≦z<x"/2. Thuswhen ノ7=1,2,…Arm

sequence, thesecondtermontheﾉ･/7sinvolvesK(z,xgy)
onpreviouslydeterminedsegments,andtheunknown"-

thsegmentappearsonlyinthelastintegral. Thefbrm

ofEq_(52)alsorequiresx"_,≦z+Jﾉ<x"andinthelast

termthatx"_,≦x<zty. Suchconstraints,alUlough
awkwardinanumericalprocedure,aretransparenttoa

symbolicmethodwhenthesegmentalR"(x)aregivenas

explicitpolynomials. WeneedonlyiterateEq.(52)
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compromiseofcompetingconcerns、 andis easV to

implement・ Ineachseglnentwetake

R"(x)=q"+6"x, （54）

where

q"=x"R(x"-')-x"-IR(""), (55a)

enectivelyconvergesover[0,LIaiter3iterations, shown

attlletop. Notice､however, thatthesolutionessenliall)'
convergesoverthefirsthalfoftheintervalinliteranon.

Thejaggednatureofthe solutionresults iromthe

polynomial representaUonwithineach segment、 as
discussedinSec.4.2.

Thefiguresalsoshowresultsfbrtruncationofthe

modeldataat"2Z,=30(300points)andAFzL=20(200

points). InFig.4､hesearedetenninedonthesame

resolutionasfbrthefillldataset,"zL=60, although
lowerresolutionsolutionswouldbeappropriatefbrthe
smallerd月1A sets. AcmallMat thiS resolution the

potentialsdetenninedfrom600and300pointsare
nearlyidenUcal, andevenUleresultusingomy200

pointsisgoodoverthefirsthalfofthesupport. Indeed,
itisworthpointingoutthatsincetheotherwiseunknown

potentialisknownbyconstructiontobesymmetric,'9)itS
shapeinfactisdetenninedinthehalfLinterval lO,Z,/2];

andthisapparentlycanbeascertainedreasonablywell
fromadatasetofachievablerangeandquality.

X〃一X"－1

and

6=R(x")-R(x"-1)
〃 (55b)

X〃一X"－1

§4.3.EXα"Ipﾉe

We illustrate themethodwiththemodelpotential

drawninUleinsettoFi9. 1,whichonitssupport,0≦z

≦Z,, hasthefbnnula,

側淵灘"｡9(z)"=0.5+

where

ノ(x)=3x(1_x). (56b)
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Tmspotentialismoderatelvstrong,with可L2＝1,where
istheaveragevalueof9(z)over[0,L]. Thecomputed
model reflectivity spectrumis shown in Fi9.1,

comprising600pointSwithuniibnnspacing,△ルzL=
0.l. Thefilllrangeofdatashownlikelyreachesthe
limitSofinstrumentalfeasiblitVfbrthefbrseeablehlture.

Thespectrumwascalculatedusingastandardtechnique

ofbinningthepotentialonafinescaleandcomposing
thetransfermatrixasaproductoftransfermatncesfbr
eachbin.

Thesedatawereusedtocomputetherenectionphase,

',(kZ),showninFig.2. FirStthetransmissionphase,

‘,("2), was computed fromEq.(30). Numerical
integraUonsweredonebyacommercialmathematical

package. Therenectionphasethenwascomposedfrom
Eq.(26); thezerosoftheSpectrumweredetenninedby
visualinspectionandweretakenasthenearesttabulated
k量Lvalues.

Theresultingreal spacerenectioncoe伍cient,R(x),

wascomputedfromEq.(39)usingacommercialFFT

algorithm. ThisisshowninFig.3,alongwiU,-RBA(x),
whichisobtaineddirectlyfromthemodelpolentialby
integratingEq.(44). Thegoal ofsolvingtheGLM
equaUonisto"lift"theheaWlineinthefigureontothe
daShedline,-RBA(x)=K(x/2,x/2).
Finallyi thenumerical solutionoftheGLMequation
fbr9(z)isShowninFig.4. TheinputR(x)wasfitbyan
intelpolating linear spline, as inEq.(54). Thex-
interval l0,2Z,}wasdividedintol9unifbrmsegments,
detennined---viatheFouriertransfbnn---bytheeHective
real spaceresolution,Ax=27[/"z, ,"ggr. Thethicklines

sllowtheprogressionoftheiterativeprocess, starting
withOiterationsatthebottom; thisisthepotential that
resultsifoneassumestllatR(x)=RBA(x･). Theprocess




