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Anextendedcapillarywavemodelfbrabmary-liquidsystemisdeveloped,whichaccountsibrthecouplingbetweenthe

surfaceandmterfacefluctuationsduetofiniteliquiddepths' Thedispersionrelationfbrabmary-liquidsystem(afImction

ofwavevectork, liquiddepths,densities,andsurfaceandmterfacetensions)yieldstwofimdamentalmodes. Ina

calculationofthemeansquareroughness,ahigh-kcutofrisneededtoaccountfbrnonlineartermsintheNavier-Stokes

equation.Alow-kcutofrisalsoneededtocoITectfbra''slip''attheinterlaceduetotheneglectofviscosity. T11enarrowhlg
ofthekregionissosignificantthatthemodecausingtheslipisstrongl)'suppressed,especiall)'ifthetopfilmisthinAs
aconsequence, thecalculatedinterfaceroughness issignificantlysmallerthanthatderivedbyapplyingtheordinaly

one-liquidcapillarywavetheorytotheliquid-liquidmterface. Ourneutronrenectometrymeasurementsonanoil-
water-suriactantsystemareconsistentwiththismodel.
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力′ are the thicknessesofthebottomandtop liquids,

reSpectively.β十and'-standfbr"+=(pcoth(M)+βり/Ap

and"-=(pcoth(M)-p)/Ap. ThediSpersionrelation(1)

wasderivedfbrsmallwave-likeperturbationsdescribedby
velocitiesI'=V'andi''=V''whicharedetenninedbythe

velocitypotentials

'=Zk,4kcosh("(z+/'))ei(""_"k') （2）

1.1ntrOduction

Thetheoryofcapillarywavesatanair-liquidintelfnceis
ohenusedtodescribealsothe interfacebetweentwo

irmmscibleliquids,wherethelighteronenoatsontopof

theheavierone.') Herewediscuss thequestionof
applicabilityofthis theoly inpractical expenmental

simationswherebothliquidsarenot infinitelyextended、

butare inthefbnnofthinfilms. Forexample, ina

measurementofthe liquid-liquid interfacebyneutron

reflectometlyB theuseofathintopfilmisnecessalyto

reducemeintensitylossduetothescatteringinthetop

liqmdphase. Specifically)weasktowhatextent the

presenceofthefreesurfaceofthetopliquidamectsthe

characteristicsofthecapillalywavesattheliquid-liquid

interface,especiallyinthosequitet)picalcaseswherethe

sulfacetensionislargeandUleintelfacialtensionislow(as

fbranoil-water-surfactantsystem,2)sothatasuppressionof
interfacenuctuationdue tothe 1Isti仔' Surfacecanbe

expected.WepresentadetailedcalculaUonofUlesurface

andinterfaceroughnessfbrabinaly-liquidsystemwith

arbitralyliquiddepths. Theresultsarecomparedtoa

measurementontheinteIfaceroughnessofanoil-water-

surfactant systemusingneutron renectometly. The

analysisisanextensionofourpreviouswork.3)

'|=Z% (Bke-"'+cke")e"…雌r) (3)
fbrthebottomandtopfilm､ respectively.zand"=(xJ')〃

are the coordinates in the vertical and horizontal

directions, andwe setz=0at the interface. The

coeHicientsAk,Bk, a''dqarerelatedbytheboundaly

conditionsfbrpressureandverticalvelocitycomponentat‐

thesulface, theinterface,andthesubstrate, inthefbrm

Bk=[("!2-蛾2)/(at'z+al<2)]e2kh'cl,and

JIFinh(ﾙﾉ')=cI-B"

For thelimitingcaseofabinal/liquidsystemwithプ

infinitedepths(M'>>1;Af/7>>1),equation(1)reducesto
thefbllowinglimits:

(a)"→処',whichagrees,asitshould,withthedispersion

relationfbrasingle liquidwithdensityp' andsurface

tensionα'. Therefbre, the (+) Inodecharacterizes a

IIsurfilcemode'!whereonlythetopsurflceisexcited.

(b) ftL→[A"(p+βり]1/24; thismodecharacterizesan
''interfacemode'!wherethemotionisessentiallvconfined

プ

totheinterface,andthetopsurfaceisalmostatrest．We
令

emphasizeherethatのdiHbrsfromat=(g"+畝』/A"1/2
whichwoulddescribea"pseudo-capillalysuIficemode'1

whereApreplacesthe liquiddensity, andqthesurface
tensIon.

2.DispersionrelationfOrabinaly-liquidsyStem

Themainresultofref3isthedispersionrelationfbr

irrotaUonal,capillarymodesofabinaly-liquidsystem

((Q-β賊が↑"f":の:(た)＝

（1）

whereD=(P-+Q)2e-4AwA'+2{Q2+3Q(P+－β.)-

β+"-}e-2"''+(B+-Q)2andQ=at2/(rtI2with

at'2=gk+α熔ゎ'andat2=g"+Q火3/Ap. Here, fu+(")are
thefrequenciesofthetwopossiblemodesfbragivenwave
number",gisthegravitationalacceleration、αand"'are

theliquid-liquidinterfacialtensionandair-liquidsurface

tension,andpandp'arethebottomandtopfilmdensity,

respectively. Ap=p－p'isthedensitydinerence,andhand

3．Modifledcal)illarywavemodel forabinary-liquid
SyStem

Capillalywavcsontheliquidsurfaceandinterfaceare

cxcitedbythethermalenergywhichhastoprovide:
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(a) thekineticenergy

6ル=(p/2)1f1,''2ciz+(p'/2)げぐ'''沈

(b)thesurfaceandinterfaceenergy(fbrsmallslopes)

具＝

(q/2")Iv5･v5c趣ｳﾉ+(q'/2w)1vG!v5'ぬの，

whereW=I念の,and
(c) thegravitationalenergy

易＝βgliza*+p'91:#z@た，
fbrthewaves.

Here,"nde'aretheinteIfaceandsulfacenucmations

TheycanbeexpandedinthefbnnG=Zk"exp(j(k.'''-"))

and5'=Ek"exp(/(k.'''-ay)).Theintegrationsfbrthe

energytennscanbecarriedout, usingtheboundary

conditions,v,=6"az=696rat theinterface､ andv'_=

617az="I/6/atthesurface. Thetotalenergytakesthe

simplehannonicoscillatorfbnn

‘=；亭"鵬"塾鮒袰"息， （4）

Here,wehaveintroducedtheeHectivemass

"'k=(47[2/IF)×{(Apab2/"2)+p'"2ab'2/I(IWF2cosh(肋リー

ab'2sinh(肋り]2}.Accordingtotheequipartitiontheorem
themeanvaluesofthetwotennsinequation(4)areequal.

Thetotalfluctuatingenergyeinequation(4)canalsobe

expressedintennsofthesurfacenuctuationsF'andg'if

"ﾉﾙisreplacedbymA:'､cosh(肋ﾘｰsinh(kﾙｯ(atl/di)2]2mk.

Therefbre, themeansquareroughness<G'2>canalsobe

obtainedusingequation(3)(below)withmkreplacedby
j

mと。

In thennal equilibnum, themeanenergyofeach
oscillatoris

<g|:>=/i(Dk/[exp(虎の〃Bn-1],wherekBis"7kの：

theBoltzmannConstantandTthetemperature・ Usingthe

classical limitapproximation, 方のk<<"BT,weget frOm
equation(4) thewell-knownresult fbrthemeansquare

interfaceamplitude:

<‘霞>一亭く掌>=亭"器→礎｡『鴫等
（5）

wherethetransitionfromthesumlotheintegral iswell
justifiedbythelargenumberofmodes.Equation(5)looks

exactly like the usual expression fbr the inte"ce

roughness,''4'5) if〃'kal:2 is replacedby47T2(Apf)at2.
Anotherdiferenceisinthevaluesfbrahigh-AFandalow-

AEcuto圧えma<andAFmin,descnbedbelow.Furthermore,since

ibrthecompositeliquidfilmstherearetwopossiblemodes,

",therewillbecontributionsto<G2>fromboth:

<G2>=<42>+<42>where<42>isgivenbyequation(5)

with"I+(k)"2(")insertedinthedenominator.

Theﾙﾉg/1-kc"rq"isusuallyrelatedtotllemolecularsize

d,Setting"maX詫び' .Weproposeamorestringentlimit: that

determnedbythevalidityofthepotentialnowassumption

madehereand inthestandardcapillalywavetheoly

(whichneglectsthequadraticterm("(1'･V)1')inthe

Navier-Stokesequation). This isjustifiedonlyfbrk

〈曾2>-ﾘ』asshowninref6.WhileeHectsofviscosityk<
～

～

､'amshfbrpotentialnow(fbrwhich77V2y=0,where77is
theviscosity),viscosityattenuatesthenon-linearmodes.

Therefbre,weuseaneHectiveuppercutorkmar=<52>-'!2m悪

Evenmorestringent isa/owerc"rq"Agmin、 Forbinary
liquidsystems, thepotentialnowgivenby(2)and(3)
cannot satisfVcontinuitVofhorizontal velocitVat the

ヴ

interface,40)≠′'(0). Thisgivesrisetoaslip.F=Z"(I'k→

-vI→)/diat theinterface,whereB'A:→and"%→arethe

hodzontal velocities fbr thebottomand top liquids,
respectively. TbaccountfbrUli;!slipphenomenon'', a

low-hcutoHhmin is introducedtoconfinethesliptoa

plausiblevalue. Intheexperimentstudiedhere(Section4)
thetwoliquidsareSeparatedbyasurfactantmonolayerof
thicknessg30ASilcetheiinearsurfactantmol6cules
used(C,oE4)easilyliltawayfromtheirverticalorientation,

thislayerresemblesaverysoft,jelly-likemedium,which

canreadilyaccommodateahorizontalslipaslongasitdoes

notexceed-10AAlargerslipwOuldreqUirenon-
potentialnOwandtherefbreimplyviscousdamping.Thus,

welakelOAasthepracticaluPperlimitofslijTi,islimi(
hasasevereeHectoncalculatedintelfaceroughness,as
showninthefbllowingtwoexamples.

(1)Forthelimitingcaseofabinary-liquidsystemwith
/"/7""e//9"〃deprbs(k",ﾙﾙ>>1),equation(5)gives:

(a)Theinterfacerouglmess､as<42>=0,

<gz>=<&>

［=("8T/47rcr)ln
l+c2"" (6）

l+c2"
mln

withthecapillarylengthc=(α'9△の'ﾉ2.Thisindicatesthat
theinterfacialroughnessissolelyduetotheinteIfacemode

whichcauSeSaslips=2C

(b)Thesurfaceroughness,as<G'_2>=0,

<g|')=<5';)

に:鳶 l=("87/47rq!)ln
(7）

wherec'=("gp')'/2. Thisresultshowsthat thesurface
roughnessissolelyduetothesurfacemodewhichcauses

noslipinthiscase.
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NeutronWavelength(A)
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(2)Forthelimtingcaseofabinaly-liquidsystemwitha
r力j"rOp〃腕(た力'<<1):

(a)The(-)modecausingaslipoforderof<g2>]/2/(ﾙﾙﾜis
stronglysuppressed.

(b)The(+)modegivescqualcontributionstothesurface

andinterfaceroughness

<g2>=<g2>

I¥:11:Z:1"|=("87/47r(cM+cx1))ln
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wherec"=I("+α' )ﾉgd1ﾉ2. This isequivalent tothe

roughnessfbrasingle liquidofdensitypandsurface
tensionq+q'、 indicatingthatthesurfaceandintelface

nucmatecollectively. Thenucmationsaresuppressedby
theincreasedeHectivesurfacetensionduetothepresence

ofthetopfilm.

嘩線
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Qz(A-1)4.ExI)erimentandresults

Wechosen-octane(C8H,8), thenon-ionicsurfactant

CIP4(tetraethyleneglycolmonodecylether,molarweight

3345g/molanddensityO951g/cm3),andD20tofbnna
binaIy-liquidsystemwithalowinterfacial tensionatthe
oil-waterinterface2)andastrongcontrastinthescattering
lengthdensiqﾉprofilefbrneutrons.

AD20(purity99.9%)surfactantsolutioncontaininga

CIoE4molarconcentrationof25×10-3(abovethecritical
micelleconcentrationof6.4×10-4measuredinref7)was

placedintoanatTbnonsampleholderwitha0.7nundeep
indentationofanareal8.9×8.5cm2.Thissamplewasthen

sealedinasamplebox(describedinref8)at30.0｡C

0.1｡C.Thetime-ofLflightneutronrenectionmeasurements
wereconductedonthethennalneutronrenectometeratthe

RhodelslandNuclearScienceCenter.9)

Insteadofspreadingtheoildirectlyontothesurfactant
solution,whichhadbeenshowntoresult innon-unifbnn

coverage,'0)wedepoSitedtheoilthroughcondensationof
octanevaportofbnnanoil-water-surfactantsystem. For

thispuIpose,aheatedglassbottlecontaining2-cm3n-
octanewasplacedinthesampleboxtogetherwiththe
surfactantsolution.Whentheoctanebottlewasheatedfbrl

hr,thesampletemperamreincreasedto(32.0±0.1)｡CWe

observedapronounceddecrease of renectedneutron

intensity, indicatingthefbrmationofanoil filmonthe

Sulfactantsolution・ RenecUvitydatawascollectedwhen

theintensiq'becamestable.TheresultsareshowninFigure
l.

InFigureltherenectivitydatafbrthesurfactantsolution

isshownbyopencircles. Therenectivity(therenected

intensitydividedbytheincident intensity)isnotunityin

thetotalrenectionregionsincetllebeamisonlypartially

interceptedbytllesampleThedatawerewellfitted(22=

0.8±0.2perdegreeoffreedom) totheFresnelcurvefbr

pureD20withaDebye-Waller-likefactorexp(-gz2o2),

wl'ereo=(5±3)Aistheroot-mean-squareroughnessfbr
theair-liquidsulflce. Thisfittedsurfaceroughnessvalue

agreeswellwith<@'2)1/2=46Awhichwascalculatedusing

Figurel:RenectiondataversusmomentumtransftrQfbrpure
surfictantsolution(opencircles),6ttedusingtheFresnel

U

renectivityfbrD,Oandasurficeroughnesso=5A(long
←

dashedcurve). Thedatafbrtheoil-water.surfictantsystem
(closedcircles)were6ttedusingatw(/layermodel fbrthe
scatteringlengthdensityprofilerepresentingahomogeneous
oillayernoatingontopofwater(shortdashedcurve).The

｡

6ttedoil-waterinterficialroughnessois7AForcomparison,
u

thedottedcurvesaboveandbelow,calculatedfbrO=0Aand
U

14A,respectively,areclearlydiscernible.

Tablel:Parametersfbrthetwo-layermodelusedtorepresentthe

datafbrtheoil-water-surfhctantsystem:P6candZjaretheJ

scatteringlengthdensityandmacroscopicincoherent

scatteringcrosssectiondensityfbreachlayer, respectively.o

=<g:2)1/2(or(gZ>1/2) is [heroot-mean-squareroughness
betweentheairandthetoplayerorbetweenthetoplayerand

thebottomlayer.P6c=-0.52×106A.2fbrPureC8H18and
6.33×106A･2fbr99.9%deuteratedD､O. Z,=5.34cm･' lbr

〃 J

pureC8H18・Theasterisk"designatesquantitieskeptfixedin
thefittingProcess. Therenectivitydataisnotsensitive
enoughtodeterminethesequantities,duetothelowcontrast
inthescatteringlengthdenSitybetweenairandtheoil61m.

Thethicknessofthetoplayer,however, isobtainedusingthe
incoherentscatteringcrosssectiondensityfbroctane.

"c(10･6A･2) Zi(cm-l)Thickness(ILm) o(A)
Tbp -0.52* 5.34* 8．0±0.3 0*

Bottom 5.73±0.07 0.23 7±3”

asurfacetensioliof30dyn/cmassuggestedinref.11,anda
densityofllg/cln3fbrthesurfactantsolution.
Thedata(cIosedcircles)measuredfbr theoil-water-

surfactantsystemsllowareducedrenectivityduetoloss
sumeredbvthebeamas it traverses theoil film. No

significant renectivityattenuationduetoroughnesswas
obsen'ed. Atwo-layermodel ibr thescatteringlength
densityprofilegivesagoodfit(dashedcurve)tothedata.

ThefittedparametersaresummarizedinTYlblel. They

representatoplayerofoilnoatingonwatercontainin98%
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oil. Theoillayerthicknessis8.0ILmandtheroughnCsso
oftheoil-waterinterfaceisdetermmedtobe(7±3)A
UsingthepotentialsandthicknessgiveninTHblel, the
valuesq'=22dyn/cm,q=008dyn/cm2)､aswellascuto"

"max=0.1A･',"min=0fbrthe(+)mode,andJrminalmost
equaltoAgmaxfbrthe(-)mode(thusresIrictingtlleslipto-

lOA),weobtain<52>!/2-6AwhiChisconsistentwiththe
measurement(7±3)AForcomparison,applicationofthe
single-liquidcapillalywavetheolyto the liquid-liquid

interfaceas inref. (1,4,5)yieldsamuchlargervalueof
106A
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5.Conclusion

Wehavedevelopedamodifiedcapillarywavemodelfbr

thesurfilceandinterface roughnessofabinary-liquid
svstem.Themainfeaturesofthisanalvsisonthebasisof

potentialnowaretherestrictions,Ainaxandkmin, imposedon

tllecapillalywavespectmm.Whentlleinterflcialtension

islow(lessthanafewdyn/cm)orthetopfilmisthin(Ar/F'

<<1),thenarrowingoftheAr regionduetokmi"issomln

significant thatthe(-)mode､whichisresponsiblefbra

largeslipattheinterface, isstronglysuppressed. This

leads to theconclusionthat the interfacial roughness

between the real liquidsmaybe smaller thanoften
assumed.Thisconclusionisconsistentwithourinterftlcial

roughnessmeaSurement fbr anoctane-Dぅ0-surfactant

binaly-liquidsystem.Althoughthesingle-liquidcapillaly

wavetheoIydescribesthesurfacerouglmessadequately, it

cannotbeadaptedtotheinterfacialbellaviorbetweentwo

liquids, especiallywhenthe intelfaCial tensionis loW

withouttakingintoaccounttheslipeHectat theliquid-

liquidintelface.

However,severalprevioussmdieshavereportedinterface

roughnessaslargeasaboutlOOA.''4｡5)Whiletheselarge
valuescannotbeexplainedonthebasisofpotentialnow
alone, itispossiblethatthenon-linear,attenuatedwaves、

whichwehaveneglectedhere, infactcontributesignifi-
cantlytointerfaceroughness. Thisproblemshouldbe

smdiedindetailbysolvingthefilllNavier-Stokesequation
includingthenon-linearandviscosityterms(HI'.V)vand

〃▽2,',respectively).
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