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I11eoreticalandexpemnentalsmdiesofdynamcaldiflTactionphenomenaofneutronsandX-raysbysinglecIystalshave
beenmadeiromnewpointsofview.BasedonthedynamicaldifITactiontheorywehavedeveloped,newpropertiesofthe
rockingcurveandtheFresnelrenectivitycurveareexplamed. TherockingcurveinUlesymmetricBragg-casehasa
possibilitytogiveaprecisevalueofscattedngamplitudeswhenitisgivenasafilnctionofperpendicularmomentum
transfer. ItisshownthattheFresnelrenectivitycurveisidenticaltotheDarMncul-vewithanappropriatetransfbnnation.

Itisalsoshownthatinthecaseofnon-absorbingthickcrystalstheEwaldibnnulacanbeobtainedbysummingupthe

intensityofincoherentbeamssuccessivelyrenectedatthefrontandrearsulfaces・ ThismteIPretationgivesasmple
relationoftheEwaldfblmulatotheDarwinfbnnula.AdoubleStem-Gerlachexpenmentisproposedbyusmganewtype

ofcrystalinteribrometer.

KEYWORDS:dynomicol theory, rockingcurve,reflectivity,Dorwincurve,Ewoldcurve,neutrons,

X-roys,doubleStern-Gerloch

§.1. Introduction
Dimactionandscatteringphenomenaofneutronsand

X-rayshavebeenusedfbr smdying the stmctureof

mateIials. Themeasurementofrockingcurveshasbeen

usedtostudythestmctureofclystals,superlattices､ 'mrrors

andsoon.'~3)TheFresnelrenectivitycurvenearthecritical
angleof total renection gives infonnation on the

perpendicularstnlcturenearthesulfaceofvariouskindsof
matelialS.4-7) It has been fbund that CTR(Crystal

TnmcationRod)scattedngissensitivetothestructureof
CIVStal SUlfaCeS.8-10) Hitherto, diHerent theoretical
‐

approacheshavebeenusedtoanalyzethosekindsofdata.
RecentlywehavedevelopedadynamicaltheolyofX-ray

diHifaction''''2)whichisapplicabletoBraggdiHraction,
FreSnelrenectivi"andCTRScattering. Thetheoryhas

beenconstnlctedonthebasisoftheDarwintheolyina

mamxfbnn,'3~'5)andtheresultscanbeeasilyappliedtothe
neutroncases.

Inthispaper, firstweshowsomepropertiesofthe

rockingcuweandtheFresnelreflectivityculvebasedon

thetheorywehavedeveloped. Nextweshowresultson

measurementsofneutronrockingculvesbyperfectsilicon

cIystals,andshowanewintelpretationofthedimaction

process. Finallyi we propose an experiment on

measurementtheolyinquantummechamcsusinganLLL
interferometer.

point toBraggpoint eveninthecaseofasymmetric

ge｡met,y!2) ~~. -
OneofthegreatdiHerences fromtheconventional
theolv'e2')isthatoneneedsthedirectionofthedimacted

beamaffbragivenincidencedirection$toobtainthe

dimactedintensiq'.Thispointcanbesolvedifonenotices

thatthemeasurementoftherockingcurveneartheBragg

point conesponds tothe intensiqrvariationalongthe
reciprocalrodelongatedfromtheBraggpointnotonlyin

thesymmetriccasebutalsointheasymmetriccase.

2.ノGe"eJ･α/Em""o"/brr/7ea"qgg-C"e

Onceoneknowsthedirectionoftheexitbeamfbragiven
incidencecondiuon,onecancalculatetherenectiOnand

transmssioncoe伍cientsbyasingleatomiclayer. Then

onecansolvethediHerenceequationsusingthematrix
method.

Inthispaper,wediscussonlytheresultonapelfect
crystal. Herewe showthe result on the reflection

COe伍cientfromasemi-infinitecrystal intheBragg-case.

Ageneralexpressionoftherenectioncoe伍cientRH,oo is
givenby

RH,の＝

-'‘'帷后眺…"‘
易

[77干(〃2-1)'/2]

（2．1）

§.2.ExtendedDarwinTheory
IntheDanvintheoly,'3)aclystal isdividedintolayers
paralleltotheclystalsurface,andtheeHEctofmultiple

renecUonbetweenthelayerSistakenintothediHerence

equations. Therefbre theDarwintheolyis suitedfbr

treatingthedimactedintensitiesfiDmasubstancewitlla

layeredstructureandacIVstalwithadimbrentStructureon

itSsurface. For tllis rcason, theDarwintheoryllas

attractedrenewedinterestsincombinationwithamamx

method.'4)

WellavecombinedtheDarwintheol-vwith!heideaofthe
ジ

reciprocalrod, that is, thetnlncationrod. Asaresultof

this,wehavesucceededinderivingexpressionswhichcan

givetlledifractedintensitiesalongtherodfromBragg

usingadeviationparameter77definedby

・ え

’雨γoexp(/21zl)豈凡(1-6)
"= IC| |61'/2j-I易易exp(_/2汀/)]'/2

(2．2）
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Herelistllewavelength, (ノisthedistancebetweenthe

layers,andj"eistheclassicalelectronradiusfbrX-raysand
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onefbrneutrons.ThepolalizationfilctorCinthecaseof

X-raysisonefbrneutrons. Theasymmetricfactorbis

definedbyb=〃油usingdirectioncosinesoftheincident

beam)b=cosJandthedi缶actedbeam"=cosQf.I/is
thevolumeoftheunitcell. Itisnotedthattheunitcellof

thecrystalisalwaysdefinedtobeparalleltothesurface.

Theindex"representstheindicesﾙﾙﾉ;theindices/land

"designate thereciprocal rodarisingfromthe two-

dimensionalperiodicityofthelayerandtakethevalueof

integers,andtheindex/denotesapointontheルルrod.The

valueofthe index/coincideswithanintegerat the

kinematicalBraggcondition､butdoesnotnecessarilytake

thevalueofinteger. Thus thestrucmrefactorF)f is

calculatedfbrthepoint/onthe/7"rod.

Theindexノcorl･espondstoapeIpendicularmomentlun

transfernonnalizedbythereciprocalvectorpelpendicular
車

totheclystalsurface"3 ,andisgivenby

COS臥一cosaf
ノー （2．4）
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Fig.1.RenectivitiesofneutronsandOspolariZedX-raysasa
fI｣nctionofAcalculatedbyeq.(2.1)alongtheOOrod, fbrthe
Si(111)crystalterminatedbytheidealdouble-layer.
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Inthis theory, eHectofthesuIfacestnlctureonthe

intensityiseasilytakenintoaccountastheproductsof

matricescharacterizingeachsurfacelayer.
2.2Re/α"o"s"p｝"的rﾉ7eCo"ve""o"α/D(〃αc"o〃

TWeoﾉﾌﾉ

Sincetheindex/takesthevalueofintegerataBragg

point, exp(/27TI) isapproximatedto l+/27t(/-/皿)near

theBraggpointdenotedby/=ノmt. Thenthedeviation

parameter77givenbyeq.(2.2)isapproximatedto
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Fig.2.NeutronrockingcurvesinLscalefbrlllrenectionsof
SiandGe.

(2．5）

andtherenectioncoe伍cientisgivenby
1．0 ’
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sinceexp(/27T/)=1

One can eaSily
Parameterl8)

obtain thewell-known deviation
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Fig.3. EfYEctofanomalousscatteringontheX-rayrocking
CurveofGelllrenectionsinAcale.

Fromeq.(2.2),onecanshowthatthereflectivityculvein
/-scaleis independentonthewavelengthinthecaseof

symmetncgeometry, thatis, )b=|"|,neglectingtheeHect
ofanomalous scatteringinUlecaseofX-rays. This
indicatesthattherockingcurveneartheBraggpointasa

hlnctionof/, insteadof77ora), renectsmoredirectlyUle
scatteringlengthsofatoms.

byexpandingeq(2.5)aroundthekinematicalBraggangle

&uptothefirstordertermon48)=a)-&.

2.3助“"/"Re/7ec"o"

TheexpressionoftllerenectioncoeHicientgivenby
eq.(2.1) isvalidfbranyincidencecondition. Figure l

showsthereflectivitiesofnCutronsando:o-polarizedX-rays
withawavelengthofl.0Aasafilnctiohoftheinde)f /
calculatedfromeq.(2.1) fbr theOOrodoftheSi(111)
surfacetenninatedbvtheunreconstructeddouble-laver.

〆

ThepeaksmeantheBraggrenections, andtheir tails

correspondtotheCTRscattering.
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reiraclioneHect. ThediHerence inwidthbetueenthe

DanvincurvesofSiandGeisduetothatinvaluebetween

the nuclear scattering lengths. Therefbre precise
measurementsoftherockingcurve in/-scalehavethe

possibilityofgivingthevalueofthemagneticscattering

amplitudes inthecaseofneutrondimactionandthe

anomalousscatteringamplitudes inthecaseofX-ray
diHraction.

Figure3simulatestherockingcu'vesin/-scalefbrGc
lllrenectionsofX-rayswithwavelengthsaroundtheK-

absorptionedge:08ALIAandl4AThediHerenceof
profilesreflectsthatofanomalousscatteringfactors.

2.J.Bra露Co"的"O"Q/eB三90。

Di缶actionphenomenaoftheBraggconditionof先三

90ohavebeenstudiedextensively inthecom'entional

theorVbecausetheDarMnwidthincreasesremarkablvas

theBraggangleapproachesto90o.22~24) InX-raystanding
wavemethod,25'26) thisnature isunlizedtoapplythe
methodtowidevarietyofsamples.

In thisgeometly, however， theconventional theoly

requiresspecialtreatmentofthedispersionsulfacelnthe

presenttheoly,however,onecandealwithsuchdi缶action

conditionwithoutspecialtreatmentbyusingeq.(2.5).
OneofthefeaturesonthiscondiUonisthatanomalous

changesinthe rockingculveappearinangle-scanmode

but disappear inwavelength-scanmode． Figure4

demonstratesanexampleofsuchrockingcurvesof511

renections inthecaseofX-rays: thicksolid line fbr

2.09037Asolidlinefbr209036A,andbrokenlinefbr
209034A. Thisfactiseasilyunderstoodifonedescribes
thedimactionconditionbytheintersectionoftheEwald

spherewiththerodasshowninFig.5.Therockingcurvcs

in/-scaleareshowninFig.6. Inthisscale,allthecurves

coincidesamongthemselvesbecausejb=|"l eveninthe

caseofasymmetricgeometryillustratedinFi9.6.
Anotherfeature is that theDarwinwidthのonthis

conditionisproportionalto
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Fig.4. X-rayrockingcurvesasafilnctionofincidentangle80

satisfyingtheconditionofeB=90｡
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while that intheordinalyconditionisproportional to

l~1F}fl Tllis isunderstood fromapoint that the
approximationgivenbyeq.(2.7) failswhen sin28B

approacheS tozero. Thedeviationparameter inthis

conditionshouldbeapproximaledto

77=[-6sin24A助

≠÷(2sin24-6c･s24+631(A4)2 (2.9)
今
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byexpandingeq.(2.5)uplothesecondorderofA8o.From

thisequation,onecanshowthattlleDarwinwidthinthis

conditionisgivenbytherelationofeq.(2.8).
25．丹でs"e/Re/7ec"v"v

ゾ プ

IntheDarwintheory, thetransmissionandreflection

coeHicients fromasingle layerdivergeatanextreme

grazingincidencecondition. Therefbre,stricllyspeaking,

1hepresenttheolybreaksinllleregionoftotal renection.

Fig.6.X-rayrockingcurvesinAcalecorresPondingtothosein
Fi9.4.

Figure2showstllecalculatedneutronrockingcurves

nearthelllBraggpointofSi(111)andGe(lll)clystalsas

aiimctionof/・Thevalueof/whicllgivesIhecenteroflhe

Braggpeakshiiisslightlyfromtheintegerdue lo the
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Ifhowever,westartfifomtherelationgivenbyeq.(2.5),we
canextracttheFresnelfbrmulaasfbllows.

Thedeviationparameter77isexpressedas

COS2外－6
77＝ （2．10）
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Fig.7. X-rayFresnelrenectivitycurvein/}scaleand6eld
intensitVat thesurface.

グ

andrelatedtotherefractiveindexﾉ7by

〃2＝1－25 ．

ThentherenectioncoeHicientisgivenbyー

RH,｡｡ ＝一[77千(772-1)'/2]

(2．12）

、/吻‘／"／晦“(2.13)

、／、／、 ｛
、/"2-sin28cose｡-

、,"、
(2．14)二二

cos80+､/"ユ-Sin28
10,2

ThismeansthattheFresnel renectivitycurvellasthe

sameprofileastheDarwinculvein77-scale. Thecritical

angleoftotalreflectioncorrespondstotheconditionof77=

-1,thatis,cos280=2alfweintemretthetotalrenectionas
a special caseofBraggdimaction, there is some

resemblancebetweentotalrenectionandBraggreflection

of8B=90obecausetheconditionofsin28B=0issatisfied.

Inthissituation,theregionoftotalreflectionの,thatis,the

criticalangle, isproportionalto

Fig.8.Interpretationofdifrractionprocessofneutronsbya
non-absorbingthickcrystal.

{j"卜(772-1)'/2]2割胴IF)=IRH｡"|2=

（3．2）

Theprofilesofthetworockingcurvesgivenbyeqs.(3.1)

and(3.2)diHerconsiderablyintheirtailparts, andthe

EwaldfbnnulagivestwicethevalueoftheDalwinfbnnula

at tlleirfartails. Althoughexpenmentsontherocking

curvehavealreadybeencalTiedout,20'2''28-31) relationship
oftheEwaldfbrmulawith theDaI-winfbnnulahasbeen

seldomstudied.

TheEwaldfbnnulaisusuallyobtainedfiomtherocking
culvewhichgiveSintensityfromafinitecIystalbytaking
theaverageoveroscillationsonthecrystalthickness.'7'20'2')
It isnotedthatUlisprocedure isvalidonlywhenthe

renectedwavesat thefront andrearsurfacesoverlap
coherently. However, thisconditionisbrokeninthe

ordinalyexperimental situationwhere the clystal
thickness ismuch larger thanthecoherence lengthof
neutrons.

Thenthedimactionproccssshouldbeexplainedby
successiverenectionsat thefrontandrearsurfacesas

illustratedinFi9. 8.32) Theintensityofthelransmitted
beamthroughtherearsurfaceIo,,isgivenby

IO,! =(1－1",,)2 （3．3）

inthecaseofnon-absorbingclystals.33) Thebeam

reflectedat therearsurfacepropagatestowardthefront
surface,andtherenectiveintensit)･ I",2isgivenby

へ

(1-1"｣)ゾ"」 （3．4）

の三,/7二万 (2.15)

Fig.7showsthetotalrenectionculvetogetherwiththe

fieldintensibﾉatthesurfaceasafimctionof77'=Re(77).

Inthecaseofneutrons, thereflectivitycuweisusually

givenaSafimctionofperpendicularmomenmmtransfer
becausethecurveinthisrepresentationisindependenton

thewavelength. Tmsfact isconsistentwiththereSult

giveninsection2.3.

§.3. 1nterpretationoftheEwaldCurve

Dimactionphenomenaofneutronsbyaperfectclystal
areexplainedbythedynamicaltheoly.20'21)Thedimacted
intensityofneutronsfromnon-absorbingcrystals inthe

Bragg-caseisusuallyexplainedbytheEwaldfbrmula27)
expressedas

{1｢If)=
fbrl'71≦l

fbrl"|Z1 (3･1)
Here 77isgivenbythedeviationparameter indicatedby

eq.(2.7)､ Tbtalrenectionoccursintheregionofll71≦1.

Incontrast,thediHTactedintensityoftheDal-wincun/ein

thecaseofsymmetricdimactionisgivenby
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Thustheintensityofalltherenectedbeamsisgivenbyヴ ゲ

21H,'
”

I=ZI"” 三＝ （3．5）
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ThediffractedintensityI",, shouldcorrespondtothe
DalwinfbrmulaI"(D)givenbyeq.(3.2).Thenonecan
showthateq.(3.5) iSequivalent totheEwaldfbrmula.

Therefbreasimplerelationof

211P)
IF)= （3．6）

'+IIP)

isobtainedbetweentheDarwinandEwaldfbrmulae.

SimilarlXtheintensiWofallthetransmttedbeams is

givenby

l－呼）
”

I=ZI｡､” 二二 （3．7）
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Fig.9.Neutronrockingcurvesasafilnctionofincidentangle.
SolidcirclesmeanthereflectivityofalOmmthickc,ystal
withaslit installed.Opencirclesrepresentthereflectivityof
a1.4mmthickcrystalwhiletheslitwasremoved. Solidand

brokencurveswerecalculatedbasedoneqs.(3.2)and(3.1),
reSPeCtively.

Experiments totest theserelationsweredoneat the

beam-lineCl-3 (ULS) in JRR-3MconstruCted fbr

experimentsonultra-smallangleneutronscattenngand

neutronoptics. Thedouble-crystalparallelsettingoflll

reneCtionofSicIystalswasusedwiththewavelengthof

473A. Achanilel-cutSicrystalusingfivesuccessive
renectionswas adoptedas thefirstcIystal toreduce

extremelythetailpartoftheincidentbeamonthesecond
crvstal.
ご

TheexperimentswerepeIfbnnedusingtwosample

cIystalswith thicknessesoflOmmand1.4mm,much

largerthanthecoherencelength.Thefirstexperimentwas

doneusingthecrystaloflOmmthiCkness. Aslitwas

placedbehindthesampleclystalsothatonlytherenected

beam/",, isdetectedbya3Hedetector. Inthesecond
experiment, theclystalof1.4mmthicknesswasusedand

theslitwasremovedsoastodetectsignificantpartsofall

therefleCtedbeamsノ",".Tlleexperimentalresultisshown

inFig.9. Solidandbrokencurveswerecalculatedbasedon

eq.(3.2)andeq.(3.6),respectively,withtheconvolutionof

thereflectivib' culveofthefirstclystal, J"の)5. The

experimentalresultsagreewellwiththecalculatedones.

The intensityofthetransmittedbeamllasbeenalso

measured. Fig． 10showstheintenSityofall thefbrward
diHi･3ctedbeams inthecaseofthecrvstalofl.4mm

ザ

thickness・Thebrokenlinewascalculatedbyeq.(3.7).For

companson, theintensityofl-IB,, isShownbythesolid
line.
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Fig. 10. Neutronrockingcurveofthetransmittedbeaminthe
Bragg-casefbracrystalwithl.4mmthickness.

Hereweproposeanewtypeofinterferometermadeof

pelfbctSicIystaldesignedfbrthedoubleStem-Gerlach

experiment,asshowninFig. 11. Itconsistsoffiveclystal
plates, threeplatesofwhichinthecenterworkas the
LLL-interferometer and fimctionas thecontrollerof

neutronpolarizationstateswhenamagneticphaseshifter
withanappropriatethicknessisinsertedduetotheeHEctof

magnetic double refiaction.39-41) Therefbre a test

experimentwhether interference occurs ornotwhen

unpolanzedneutronsaredecomposedatthecomponentsof
LLLcrystalswillbepossible.

§.4. Proposed Tbst of Double Stern-Gerlach
Experiments
NeutronintexferometersmadeofSicrl･stalshavebeen

usedtovariouskindsofexperimentf0'2''34) Inparticular
theyaresuitedfbrinvestigatingthemeasurementtheolyin

quantulnmechanics. For instance, anexperimental
proposalonadoubleStem-Gerlachexperiment33'36)has
beendonetotest thesuperiorityofmeasurementtheones

suchasthemanyHilbert theoIy35)andtheenvironment
theoly.37)Anexperimentaltesthasbecnproposedbyusing
aninterferometermadeofmultilayers37)

§､5． SummarVツ
Basedonanewdvnamical theorv、weshowedsome

ロF

properties of the renectivitycurve in the symmemc‐ ず

geometlyltheBraggdi缶actionofeB三90｡,andtheFresnel

renectivitycurve. Wealsoshowedasimple relation
betweentheEwaldfbrmulaalldtheDarWinfbrmulainthe

caseofnon-absorbingcIystals. Atestontlledouble

Stern-GerlachexperilnentwaSproposed.
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fbrthedoubleStern-Gerlachexperiment.Magneticphase
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